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In both supervised and unsupervised learning tasks, embedding the underlying data into a function
space using a “kernel mean” has been well-studied, and is known to be an efficient means of character-
izing even complex distributions. Here we consider a broad generalization of this notion to countless
“functional parameters” of the underlying distribution, and as a concrete example explore what may
naturally be called the “kernel median” of the data. In this short paper, we formulate the new pa-
rameter class, provide a procedure for obtaining an important special case, with basic convergence
guarantees and expressions useful for practical implementation.

1.

kernel mean

z1, . . . , zn ∈ Z
z ∼ μ μ

( )

k : Z × Z → R

μ

(H, 〈·, ·〉H) “kernel mean”
[Muandet et al., 2016]

k H

Eμ k(z, ·) ..=
∫

Z
k(z, ·) dμ(z) ∈ H (1)

μ (kernel mean)

[Muandet et al., 2014]
Eμ k(z, ·)
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μ

π ..= arg min
f∈H

1
n

n∑
i=1

d(Φzi , f) (2)

[Tsybakov, 2009]
Φz(·) ..= k(z, ·) ‖f‖H ..=

√
〈f, f〉H

Eμ k(z, ·) ∈ arg min
f∈H

Eμ ‖Φz − f‖2
H (3)

H
(empirical risk minimization; ERM)

[Minsker, 2016, Lugosi and Mendelson, 2016]

1. π ≈ Eμ k(z, ·)

2.

2.

x E x E(x−u)2

u

E |x − u| u

x (3)

medk(μ) ..= arg min
f∈H

Eμ ‖Φz − f‖H, (4)
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(kernel median)
μ

d : H × H → R+

π(μ; d) ..= arg min
f∈H

Eμ d(Φz, f) (5)

d(Φz, f)
μ

Sn
..= {z1, . . . , zn} ⊂ Z

medk(μ)

medk Sn
..= arg min

f∈H

1
n

n∑
i=1

‖Φzi − f‖H (6)

(empirical kernel
median) Algorithm 1

C(h) ..=
n∑

i=1

‖h − hi‖

C(·)
i = 1, . . . , n

f 
= Φzi

n∑
i=1

Φzi − f

‖Φzi − f‖H
= 0

f ←
(

n∑
i=1

‖Φzi − f‖−1
H

)−1 n∑
i=1

‖Φzi − f‖−1
H Φzi

(7)

Al-
gorithm 1 Weiszfeld

∗1 (7) f /∈
{Φzi }n

i=1
{Φzi }n

i=1
A(t) Weiszfeld

B(t)
{Φzi }n

i=1
u(t) B(t) C(·)

Ĉ(·)
Ĉ(u(t+1)) < Ĉ(u(t))
( )

∗1
[Weiszfeld, 1937]

Algorithm 1
function Weiszfeld(u; S = {v1, v2, . . .})

return

⎛⎝ ∑
i∈[|S|]

‖vi − u‖−1

⎞⎠−1 ∑
i∈[|S|]

‖vi −

u‖−1vi

end function

inputs: ε > 0, Φ = {Φz1 , . . . , Φzn }, T̃ (u) ..=
Weiszfeld(u; Φ)

initialize: u(0) = 1
n

n∑
i=1

Φzi , ε(0) > ε, t = 0

while ε(t) > ε do
I(t) ← {i : Φzi 
= u(t)}

g(t) ←
∑

i∈I(t)

Φzi − u(t)

‖Φzi − u(t)‖

A(t) ←
(

1 − |Ic
(t)|

‖g(t)‖

)
+

T̃ (u(t))

B(t) ← min
(

1,
|Ic

(t)|
‖g(t)‖

)
u(t)

u(t+1) ← A(t) + B(t)

ε(t+1) ← ‖u(t+1) − u(t)‖
t ← t + 1

end while

return u(t)

3.

{Φzi }n
i=1

Algorithm 1 u(t)

C(u(t+1)) < C(u(t))

u(t)

u(0) {Φzi }n
i=1

u(t)
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u(t) =
n∑

i=1

w
(t)
i Φzi

0 ≤ w
(t)
i ≤ 1, i ∈ [n],

n∑
i=1

w
(t)
i = 1

n {zi}n
i=1

u(t)

T̃ (·)
T̃ (u(t)) =

∑n

i=1 w̃
(t)
i Φzi

{w̃
(t)
i }n

i=1

w̃
(t)
i =

(
n∑

j=1

‖Φzj − u(t)‖−1

)−1

‖Φzi − u(t)‖−1

‖Φzi − u(t)‖2 = ‖Φzi ‖2 − 2〈Φzi , u(t)〉 + ‖u(t)‖2

..= Ai − 2B
(t)
i + C(t)

(Ai
..= ‖Φzi ‖2 B

(t)
i

..= 〈Φzi , u(t)〉
C(t) ..= ‖u(t)‖2)

Ai = k(zi, zi)

B
(t)
i =

n∑
j=1

w
(t)
j k(zi, zj)

C(t) =
n∑

i=1

(
w

(t)
i

)2
k(zi, zi) + 2

∑
i<j

w
(t)
i w

(t)
j k(zi, zj)

Ai

B
(t)
i C(t)

|Ic
(t)| i ∈ [n] ‖Φzi − u(t)‖

Ai B
(t)
i C(t)

‖g(t)‖

‖g(t)‖2 =
n∑

i=1

(
a

(t)
i

)2 (
Ai − 2B

(t)
i + C(t)

)
+ 2

∑
i<j

a
(t)
i a

(t)
j

(
k(zi, zj) − B

(t)
i − B

(t)
j + C(t)

)
.

a
(t)
i

..= ‖Φzi − u(t)‖−1

4.

[Muandet et al., 2016, Tolstikhin et al., 2016]

Weiszfeld
[Kuhn, 1973]

(= )
[Vardi and Zhang, 2000] {Φzi }n

i=1
C(·)

geometric median

[Minsker et al., 2014, Minsker, 2015]
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