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A directed acyclic graph (DAG) is a fundamental structure in computer science. In particular, contracting a
DAG into a smaller DAG is important for applications such as the instruction-set extension problem. In this paper,
we propose an algorithm to enumerate all the edge sets such that contracting all its edges makes the input graph
another DAG. Our algorithm is based on frontier-based search, which is a framework of algorithms to construct a
zero-suppressed binary decision diagram (ZDD) representing the desired family of edge sets.
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Algorithm 1: MakeNewNode(α, i, x)

1 α α′ .
2 α′ ← Init(α′, i)
3 α′ ← Update(α′, i, x)
4 if IsBottom(α′, i) = true then return ⊥
5 if i = m then return 
6 α′ ← Forget(α′, i)
7 return α′

configuration MakeNewNode

MakeNewNode ei
α, i, x ∈ {0, 1} α x-

M configuration

i ∈ [m − 1] i

i

Fi = {v ∈ V | ∃e′ ∈
E<i, v ∈ e′} ∩ {u ∈ V | ∃e′′ ∈ E≥i, u ∈ e′′}
F0 = Fm = ∅

ZDD ZDD

ZDD

[Knuth 11, 7.1.4 , Algorithm R]

3.2 configuration
ei ZDD α configuration

α.comp α.R 2 α.comp

Fi−1

x, y ∈ Fi−1, D
<i ∈ D(α) x y G[E<i]/D<i

x y α.comp

α.comp α.R : α.comp×
α.comp → {0, 1}

C1, C2 ∈
α.comp, D<i ∈ D(α) P(G[E<i]/D<i, C1, C2) �= ∅

α.R[C1][C2] = 1 α.R[C1][C2] = 0

α.R

2 (a), (b) e1 e5
2 (a), (b)

2 (a), (b)

configuration 2 (c)
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2 (d)

3.1 e1
ρ ρ

configuration ρ.comp ∅ ρ.R

3.3 MakeNewNode
MakeNewNode Algorithm 1

MakeNewNode α configuration

α′ Init

configuration

IsBottom true

false IsBottom true

MakeNewNode ⊥ em

Algorithm 2: Update(α′, i, x)

1 if x = 1 then
// ei

2 C(uv) = C(u) ∪ C(v)
3 α′.comp ← (α′.comp \ {C(u)} \ {C(v)}) ∪ {C(uv)}
4 α′.R C(u) C(v)

C(uv)
5 foreach C1, C2 ∈ α′.comp \ {C(uv)} such that

α′.R[C1][C(uv)] = 1 and α′.R[C(uv)][C2] = 1
and α′.R[C1][C2] = 0 do

6 α′.R[C1][C2] ← 1

7 else
// ei

8 foreach C1, C2 ∈ α′.comp such that (C1 = C(u) or
α′.R[C1][C(u)] = 1) and (C2 = C(v) or
α′.R[C(v)][C2] = 1) and α′.R[C1][C2] = 0 do

9 α′.R[C1][C2] ← 1

10 return α′

Algorithm 3: IsBottom(α′, i)

1 if ∃C ∈ α′.comp, α′.R[C][C] = 1 then
2 return true //

3 if ∃x, y ∈ Fi−1 ∪ Fi, (α
′.R[C(x)][C(y)] = 1 and

r[i][y][x] = 1) then
4 return true //

5 return false

MakeNewNode  Forget

configuration

Update

IsBottom

Update

Update α′ i ∈ [m], x ∈ {0, 1}
ei x = 1

x = 0 α′ configuration

α′ ei
Update

ei = (u, v) w ∈ Fi−1 ∪Fi C(w)

α′.comp w

ei x = 1 u

v α′.comp

α′.comp C(u) C(v)

C(uv) = C(u) ∪ C(v) . α′.R

C(u), C(v) C(uv)

C(uv) R[C(uv)][C], C ∈
α′.comp R[C(u)][C] = 1 R[C(v)][C] = 1

R[C(uv)][C] = 1, R[C(uv)][C] = 0

C(u) C(v)

α′.R

ei x = 0 α′.comp

α′.R

C(u) C(v) ei
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1: Bayesian Network

Graph Name n m Time Memory # node 1 # node 2 # solution

grid6×6 36 60 0.29 5 69258 10240 4.36× 1013

grid7×7 49 84 3.20 33 628256 49152 9.18× 1018

grid8×8 64 112 40.20 277 5781450 229376 1.41× 1025

grid9×9 81 144 477.56 2621 53867892 1048576 1.59× 1032

grid10×10 100 180 5666.67 25511 507298474 4718592 1.32× 1040

HAILFINDER 55 66 < 0.01 3 450 288 5.19× 1017

HEPAR II 69 123 23.17 173 1350205 174447 3.78× 1022

WIN95PTS 75 112 21.54 414 1456555 69343 7.67× 1025

PATHFINDER 108 195 0.09 22 8822 1908 1.49× 1049

C1, C2 ∈ α′.comp C1 C(u)

C(v) C2

C1 ��� C(u) ��� C(v) ��� C2

C1, C2 α′.R[C1][C2] ← 1

Update Algorithm 2

IsBottom

IsBottom α′ i ∈ [m]

D≤i ∈ D(α′)

true false D≤i

1 D≤i ⊆ E≤i 2 x, y ∈ V

P(G[E≤i]/D≤i, x′, y′) �= ∅ P(G[E>i], y, x) �= ∅
D≤i x′, y′

G[E≤i]/D≤i x, y

1

i ∈ [m] G[E>i] r : [m]×dom(E>i)×
dom(E>i) → {0, 1} i ∈ [m] x, y ∈
dom(E>i) P(G[E>i], x, y) �= ∅ r[i][x][y] = 1

r[i][x][y] = 0 IsBottom

Algorithm 3
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bnlearn Bayesian Network Repository ∗3

Intel Xeon Processor E7-8870 (2.4GHz) CPU

2 TB OS Oracle Linux 6.7

C++ TdZdd ∗4

g++4.7.7 -O3
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∗3 http://www.bnlearn.com/bnrepository/
∗4 https://github.com/kunisura/TdZdd/
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