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The purpose of this research is to obtain an over-approximated reachability set of a nonlinear ODE while conserving 
symbolic parameters in the approximation. Conserved symbolic parameters represent the behavior of the solution, which is 
useful for analyzing the characteristics of nonlinear phenomena influenced by parameters. In this research, first we generate 
parallelotope over-approximation of nonlinear functions composing the nonlinear ODE, and using the parallelotopes, construct 
a hybrid system as its linear over-approximation. Then we analyze the generated hybrid system symbolically, thus we obtained 
a guaranteed-accuracy solution of the parametric nonlinear ODE. 
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 ௠݂(࢞) ≔ (௠ݔ)݂ + ݂′(࢞)(࢞ − ௠ݔ)        (௠ݔ ∈ ࢞) 
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4.  
  

3 73 [ଶݏ/݉]9.8
 

଴ߠ  4.1 20[deg] 60[deg]5[݉]
  

:ܜܝܘܖ۷ ,௠௜௡ݔ] ,[௠௔௫ݔ  ݔ݋ݎ݌݌ܽ :ܜܝܘܜܝ۽ ݉ݑ݊
 ݉݅݀ ≔ ௠௜௡ݔ) + .ݔ݋ݎ݌݌ܽ ௠௔௫)/2ݔ ,௠௜௡ݔ)݁݌݋ݐ݋݈݈݈݁ܽݎܽܲݐ݁ܩℎ൫ݏݑ݌ ݉݅݀)൯ ܽݔ݋ݎ݌݌. ,݀݅݉)݁݌݋ݐ݋݈݈݈݁ܽݎܽܲݐ݁ܩℎ൫ݏݑ݌ .ݔ݋ݎ݌݌ܽ ܍ܔܑܐܟ ௠௔௫)൯ݔ ݁ݖ݅ݏ < ݈݉݁݁     ܗ܌ ݉ݑ݊ ≔ ݀݅݉     (ݔ݋ݎ݌݌ܽ)ݐݏ݁݃ݎܽܮ݌݋ܲ ≔ (݈݁݁݉. ௠௜௡ݔ + ݈݁݁݉. .ݔ݋ݎ݌݌ܽ     ௠௔௫)/2ݔ .݈݉݁݁)݁݌݋ݐ݋݈݈݈݁ܽݎܽܲݐ݁ܩℎ൫ݏݑ݌ ,௠௜௡ݔ ݉݅݀)൯     ܽݔ݋ݎ݌݌. ,݀݅݉)݁݌݋ݐ݋݈݈݈݁ܽݎܽܲݐ݁ܩℎ൫ݏݑ݌ ݈݁݁݉.   ܍ܔܑܐܟ ܌ܖ܍ ௠௔௫)൯ݔ

݊݋݅ݐܽ݉݅ݔ݋ݎ݌݌ܣݎ݁ݒܱ݁݌݋ݐ݋݈݈݈݁ܽݎܽܲ .1  
:ܜܝܘܖ۷  ,௠௜௡ݔ]  ݁݌݋ݐ݋݈݈݈݁ܽݎܽ݌ :ܜܝܘܜܝ۽ [௠௔௫ݔ

௠௜ௗݔ  ≔ ௠௜௡ݔ) + ݂݂݁݊݅ܽ ௠௔௫)/2ݔ ≔ ௠݂([ݔ௠௜௡, ௠௜ௗݕ ([௠௔௫ݔ ≔ ௠௜ௗܾ (௠௜ௗݔ)݂ ≔ ௠௜ௗݕ − ݂݂ܽ݅݊݁. ܽ × ܽ ௠௜ௗݔ ≔ ݂݂ܽ݅݊݁. ܽ 
 ܾ௠௜௡.௟௢௪௘௥ ≔ 0 ܾ௠௔௫.௟௢௪௘௥ ≔ ݂݂ܽ݅݊݁. ܾ. ݏ݌݁ ܍ܔܑܐܟ ݎ݁ݓ݋݈ < |ܾ௠௜௡.௟௢௪௘௥ − ܾ௠௔௫.௟௢௪௘௥| ܗ܌     ݉݅݀ ≔ (ܾ௠௜௡.௟௢௪௘௥ + ܾ௠௔௫.௟௢௪௘௥)/2     ܑݏݐܿ݁ݏݎ݁ݐ݊ܫ ܎(ܽ, ܾ௠௜ௗ − ݉݅݀, ,௠௜௡ݔ ௠௜௡.௟௢௪௘௥ܾ         ܖ܍ܐܜ (௠௔௫ݔ = ௠௔௫.௟௢௪௘௥ܾ         ܍ܛܔ܍     ݀݅݉ =  ܍ܔܑܐܟ ܌ܖ܍ ܎ܑ ܌ܖ܍     ݀݅݉
 ܾ௠௜௡.௨௣௣௘௥ ≔ 0 ܾ௠௔௫.௨௣௣௘௥ ≔ ݂݂ܽ݅݊݁. ܾ. ݏ݌݁ ܍ܔܑܐܟ ݎ݁݌݌ݑ < หܾ௠௜௡.௨௣௣௘௥ − ܾ௠௔௫.௨௣௣௘௥ห ܗ܌     ݉݅݀ ≔ ൫ܾ௠௜௡.௨௣௣௘௥ + ܾ௠௔௫.௨௣௣௘௥൯/2     ܑݏݐܿ݁ݏݎ݁ݐ݊ܫ ܎(ܽ, ܾ௠௜ௗ + ݉݅݀, ,௠௜௡ݔ ௠௜௡.௨௣௣௘௥ܾ         ܖ܍ܐܜ (௠௔௫ݔ = ௠௔௫.௨௣௣௘௥ܾ         ܍ܛܔ܍     ݀݅݉ =  ܍ܔܑܐܟ ܌ܖ܍ ܎ܑ ܌ܖ܍     ݀݅݉
 ܾ ≔ ൣܾ௠௜ௗ − ܾ௠௔௫.௟௢௪௘௥, ܾ௠௜ௗ + ܾ௠௔௫.௨௣௣௘௥൧ ݁݌݋ݐ݋݈݈݈݁ܽݎܽ݌ ≔ {ܽ, ܾ}  
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଴ߠ) .1 = 20[deg]) 

଴ߠ) .2 = 60[deg]) 
଴ߠ  4.2 20[deg] 60[deg]݈5 ≤ ݈ ≤ 5.01 5 ≤ ݈ ≤ 5.1

 60[deg] 135 ≤ ݈ ≤ 5.01
 ܶ ∈ [4.78495, 4.85332] +  4.82725ିସ ݌[݈, 0, ,݈]݌ [1 0, 1][−1, +1] 5 ≤ ݈ ≤ 5.01

 

,݈]݌ 0, 1] 2
2

 5 ≤ ݈ ≤ 5.01
3 5 ≤ ݈ ≤ 5.1
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଴ߠ  = 20[deg] 

 
[%] 

଴ߠ = 60[deg] 
 

[%] 
3 6.17  
13 10.3 2.55 
23 3.81 1.40 
43 1.32  
73   
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