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Network design is an important issue for several services and systems such as transportation and telecommunica-
tion, and is formulated as network design problem using graph structures. Given a graph and constraints, the goal of
the problem is to find a constrained subgraph that satisfies given constraints. For some representative constraints,
many algorithms have been proposed. However, they are not enough in some applications, because more general
and non-mathematical constraints can be required. Therefore, we aim to obtain a set of all constrained subgraphs
for supporting to select a suitable one, and propose a unified approach for network design problems. Our approach
describes a set of all constrained subgraphs by an equation using some set family operations. To process described
equation, we utilize zero-suppressed binary decision diagrams (ZDDs) that manipulate set families in compact form.
We applied our approach to some benchmark instances with representative constraints, and obtained sets of all
constrained subgraphs in reasonable time.

1.

[Balakrishnan 92]

[Le Bras 13]

3 [Kerivin 05]

• Hop-Constraints:

• k-Edge- (Vertex-) Connected: k−1

• Bounded-Rings:

Contact: , ,

14 9 , 011-706-6514, h-

suzuki@ist.hokudai.ac.jp

Bounded-Rings

2-Edge-Connected Bounded-Rings

2-Edge-Connected

[Diarrassouba 18]

Hop-Constraints k-Vertex-Connected

Bounded-Rings

[Fortz 02] Hop-Constraints

[Monteiro 14].

1.

2.

1.

2.

1

The 32nd Annual Conference of the Japanese Society for Artificial Intelligence, 2018

4K2-OS-16b-03



Zero-suppressed Binary Decision Diagram (ZDD) [Minato 93]

Hop-Constraints k-Edge- (Vertex-) Connected Bounded-

Rings

ZDD

2.
2.1

V E G = (V,E)

E ⊆ {{u, v} | u, v ∈ V }
X ⊆ E V [X] :=⋃

{u,v}∈X{u, v} X G[X] :=

(V [X], X) X

P P
P

(u, v) ∈ V 2 P(u, v;G) ⊆ 2E

G u-v

dst(u, v;G) := minP∈P(u,v;G) |P | u, v

(u, v) k PEC(u, v;G, k) := {P ⊆
P(u, v;G) | |P| = k, ∀P, P ′ ∈ P, P ∩ P ′ = ∅} u-v

k- k-

k

PVC(u, v;G, k) := {P ⊆ P(u, v;G) | |P| = k, ∀P, P ′ ∈
P, V [P ] ∩ V [P ′] = {u, v}} u-v k-

k-

k R(G) ⊆ 2E G

2.2
G X ⊆ 2E

C : 2E → {0, 1}

XC := {X ∈ X | C(X) = 1} (1)

XC ⊆ X
G X C

XC

X

X ∈ X C(X) = 1 X

C

[Kerivin 05]

• Hop-Constraints: M ⊆ V 2 h

X ∈ X G[X] (M,h)

Hop-Constraints Ch
HC(X;M) = 1

Ch
HC

Ch
HC(X;M) :=

{
1 ∀(u, v) ∈ M, dst(u, v;G[X]) ≤ h,

0 otherwise.

(2)

• k-Edge-Connected: T ⊆ V 2 k

X ∈ X G[X] (T, k)

k-Edge-Connected Ck
EC(X;T ) = 1

Ck
EC

Ck
EC(X;T ) :=

{
1 ∀(u, v) ∈ T,PEC(u, v;G[X], k) 	= ∅
0 otherwise.

(3)

• k-Vertex-Connected: T ⊆ V 2 k

X ∈ X G[X] (T, k)

k-Vertex-Connected Ck
VC(X;T ) = 1

Ck
VC

Ck
VC(X;T ) :=

{
1 ∀(u, v) ∈ T,PVC(u, v;G[X], k) 	= ∅
0 otherwise.

(4)

• Bounded-Rings: l X ∈ X
G[X] l Bounded-Rings

Cl
BR(X) = 1 Cl

BR

Cl
BR(X) :=

{
1 ∀e ∈ X, ∃R ∈ R(G[X]), e ∈ R, |R| ≤ l,

0 otherwise.

(5)

3.
XC

|E|

ZDD ZDD

XC ZDD

C

2.1

XC XC

ZDD

3.1
ZDD ∪ Union ∩ Intersection \ Dif-

ference

[Minato 93, Knuth 09, Kawahara 17b] A B

• Restriction: A � B = {A ∈ A | ∃B ∈ B, B ⊆ A}
• Disjoint Join: A�̇B = {A∪B | A ∈ A, B ∈ B, A∩B = ∅}
• Division: A/B = {A \B | A ∈ A, B ∈ B}

• Hop-Constraints: E h

K(h;E) := {X ⊆ E | |X| ≤ h}
(u, v) ∈ M
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P≤h(u, v;G) ⊆ 2E

P≤h(u, v;G) := P(u, v;G) ∩ K(h;E)

= {P ∈ P(u, v;G) | |P | ≤ h}
(6)

1. XCh
HC

=
⋂

(u,v)∈M

(
X � P≤h(u, v;G)

)
. (u, v) ∈ M �

X � P≤h(u, v;G)

= {X ∈ X|∃P ∈ P≤h(u, v;G), P ⊆ X}
= {X ∈ X | dst(u, v;G[X]) ≤ h}

(7)

⋂
(u,v)∈M

(
X � P≤h(u, v;G)

)
=

⋂
(u,v)∈M

{X ∈ X | dst(u, v;G[X]) ≤ h}

= {X ∈ X | ∀(u, v) ∈ M, dst(u, v;G[X]) ≤ h}
= XCh

HC

(8)

• k-Edge-Connected: (u, v) ∈ T

DEC(u, v;G, k) ⊆ 2E

DEC(u, v;G, k) := �̇i=1,...,kP(u, v;G) (9)

2. XCk
EC

=
⋂

(u,v)∈T

(X � DEC(u, v;G, k))

• k-Vertex-Connected: A ⊆ 2E V[A] :=

{X∪V [X] | X ∈ A} (u, v) ∈ T

V̂[P(u, v;G)] := V[P(u, v;G)]/{{u, v}}
DVC(u, v;G, k) ⊆ 2E

DVC(u, v;G, k) := (�̇i=1,...,kV̂[P(u, v;G)])/{V } (10)

3. XCk
EC

=
⋂

(u,v)∈T

(X � DVC(u, v;G, k))

• Bounded-Rings: e ∈ E R≤l(e;G) ⊆
2E

R≤l(e;G) := (R(G) � {{e}}) ∩ K(l;E)

= {R ∈ R(G) | e ∈ R, |R| ≤ l}
(11)

X (e) ⊆ X
X (e) := X � {{e}}

= {X ∈ X | e ∈ X} (12)

4. XCl
BR

=
⋂
e∈E

(
(X \ X (e)) ∪

(
X (e) � R≤l(e;G)

))

. e ∈ E �

X (e) � R≤l(e;G)

= {X ∈ X (e) | ∃R ∈ R(G[X]), e ∈ R, |R| ≤ l}
(13)

(X \ X (e)) ∪
(
X (e) � R≤l(e;G)

)
= {X ∈ X | e ∈ X ⇒ ∃R ∈ R(G[X]), e ∈ R, |R| ≤ l}

(14)

⋂
e∈E

(
(X \ X (e)) ∪

(
X (e) � R≤l(e;G)

))
=

⋂
e∈E

{X ∈ X | e ∈ X ⇒ ∃R ∈ R(G[X]), e ∈ R, |R| ≤ l}

= {X ∈ X | ∀e ∈ X, ∃R ∈ R(G[X]), e ∈ R, |R| ≤ l}
= XCl

BR

(15)

3.2 Zero-suppressed Binary Decision Diagrams
ZDD bottom-up

[Minato 93] top-down

[Kawahara 17a] X
ZDD

ZDD

XC ZDD X ZDD

3.1

ZDD

{X} (X ⊆ E) b

K(b;E) ZDD

P(u, v;G) R(G) ZDD

A ⊆ 2E ZDD V[A] ZDD

[Kawahara 17b]

4.

C++ g++4.8.4 -O3

OS 64-bit Ubuntu 16.04 LTS CPU

Intel Core i7-3930K 3.2 GHz RAM 64 GB .

4 SNDlib http://sndlib.zib.de/home.action
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Hop-Constraints
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G 10

W

r M = T = r× (W \ {r})
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1: sec |X | M.O.

sec |XC |
C norway india35 germany50 pioro40 norway india35 germany50 pioro40

C7
HC 0.046 5.676 0.222 85.074 4.1× 1013 4.3× 1022 2.9× 1022 3.1× 1024

C8
HC 0.086 52.043 0.572 M.O. 4.4× 1013 4.5× 1022 3.9× 1022 M.O.

C2
EC 0.032 42.005 5.221 43.658 5.0× 1012 1.1× 1022 6.9× 1021 2.1× 1024

C3
EC 0.038 56.468 5.299 8.819 3.4× 1010 4.2× 1020 2.7× 1019 2.8× 1021

C7
BR 0.048 76.534 0.779 6.929 1.7× 109 1.6× 1018 9.2× 1012 1.4× 1021

C8
BR 0.084 254.981 2.561 29.726 6.0× 109 2.9× 1018 1.3× 1014 5.9× 1021

C7
HC ∧ C2

EC 0.138 125.531 7.539 243.711 5.0× 1012 1.1× 1022 4.8× 1021 5.9× 1023

C7
HC ∧ C7

BR 0.126 532.941 2.183 311.270 1.7× 109 1.6× 1018 7.8× 1012 5.4× 1020

|XC |
|X | X

ZDD 2 X ZDD

2:

|V | |E| |X | X (sec)

norway 27 51 4.8× 1014 0.001

india35 35 80 4.8× 1023 0.007

germany50 50 88 8.1× 1023 0.010

pioro40 40 89 3.8× 1026 0.009

1 pioro40 C8
HC

norway

germany50

india35 pioro40

109 1024

5.

ZDD

ZDD
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