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The graph structure optimization is a fundamental task in graph structured data analysis. In the graph structure
optimization, objective function is usually an expensive-to-evaluate and black-box function. Therefore, we need
to optimize the unknown function with as few evaluations of the function as possible. Bayesian optimization
is one of methods that can handle this difficulty. However, in order to apply Bayesian optimization to graph
structured data, we need to extract proper geometric information of the structure and measure similarity between
the structures. In this paper, we utilize topological data analysis (TDA), which is recently applied in machine
learning, to extract robust topological information from graph structured data. Experiments show that topological
information extracted by TDA contributes to efficient search of the optimal structure compared with random search
baseline.
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2.

X f : X → R

X D = {xi }i∈I

,

, xi

x∗ = argmin
x∈D

f(x)

,

, f(xi)

εi ∼ N (0, σ2)

3.

,

,

3.1
,

f : X → R

D = { (x1, y1), · · · , (xt, yt) } ,

yi f(xi) ,

εi ∼ N (0, σ2)

yi = f(xi) + εi

, f(x1), · · · , f(xt)

(f(x1), · · · , f(xt))
T ∼ N (0,K) (1)
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, K Kij = k(xi,xj)

T ,

xt+1 f(xt+1)

f(x1), · · · , f(xt), f(xt+1)

(1) ,

, f(xt+1) ,

μ(xt+1) σ2(xt+1)

μ(xt+1) = kt+1(K + σ2I)−1y

σ2(xt+1) = k(xt+1,xt+1)− kt+1(K + σ2I)−1kT
t+1

, kt+1 = (k(xt+1,x1), · · · , k(xt+1,xt)) y =

(y1, · · · , yt)T

3.2
,

, acq(x)

xt+1 = argmax
x∈X

acq(x)

,

(exploitation) ,

(exploration) ,

expected improvement (EI)

EI ybest ,

f(x) EI

acqEI(x)

= E[max{0, ybest − f(x)}]

=

{
(ybest − μ(x))Φ(Z) + σ(x)φ(Z) σ(x) �= 0

0 σ(x) = 0

, Z =
ybest−μ(xt+1)

σ(xt+1)
, Φ(Z) φ(Z)

4.

(topological data analysis, TDA)

,

,

, TDA

(M,d) {x1, · · · ,xN }
,

r Sr

Sr =

N⋃
i=1

{x ∈ M | d(x,xi) ≤ r }

r Sr 1 r

,

,

, ,

, (persistence diagram, PD)

PD r

Sr ,

b d (b, d)

PD , 0 PD,

1 PD 1

0 PD 1 PD 2 1 PD

birth death

,

,

,

1: r Sr

2: 1 0 PD 1 PD

5.

, PD ,

,

, PD

5.1
5.1.1 Persistence weighted Gaussian kernels

Persistence weighted Gaussian kernels (PWGK)

[Kusano 16] , PD

RKHS

(PWGK-Linear)

(PWGK-Gaussian)

2

The 33rd Annual Conference of the Japanese Society for Artificial Intelligence, 2019

1J3-J-2-01



kL(Di, Dj) =
∑

x∈Di

∑
y∈Dj

w(x)w(y) exp
(
− ||x−y||2

2σ2

)
kG(Di, Dj) = exp

(
− d(Di,Dj)

2

2τ2

)
, w(x)

, [Kusano 16] w(x) = arctan(Cpers(x)p)

pers(x) x death birth

, d(Di, Dj)
2 = kL(Di, Di) + kL(Dj , Dj)− 2kL(Di, Dj)

5.1.2 Persistence Fisher kernel

Persistence Fisher kernel (PFK) [Le 18] , PD

PFK

Di, Dj DiΔ, DjΔ , Di Dj

D′
i = Di ∪DjΔ D′

j = Dj ∪DiΔ

PD

ρD′
i
(x) =

1

Z

∑
μ∈D′

i

N (x;μ, σI)

, Z

dFIM (Di, Dj) = arccos

(∫ √
ρD′

i
(x)ρD′

j
(x)dx

)

kPF (Di, Dj) = exp (−tdFIM (Di, Dj))

5.2
PD

, PD

, 0 PD

K0 1 PD

K1

K = α0K0 + α1K1

α0, α1 > 0

5.2.1 kernel target alignment

,

alignment

[Cortes 10]

ρ(K,Y ) =
〈Kc,Yc〉F

||Kc||F |||Yc||F
, Y = yyT Kc(x, y) = K(x, y)− Ex[K(x, y)]−

Ey[K(x, y)] +E[K(x, y)] alignment

y ,

5.2.2

, y =

(y1, · · · , yt)T , y

log p(D|α) ∝ −1

2
yT (K + σ2I)−1y − 1

2
log |K + σ2I|

,

,

6.

6.1
2

[Hertzsch 07]

r > 0 (x0, y0) ∈ [0, 1] × [0, 1] ,

{ (xi, yi) }Ni=1

xn+1 = xn + ryn(1− yn) mod 1

yn+1 = yn + rxn+1(1− xn+1) mod 1

N = 1000 r = 2.0 r = 4.3

3

, r

r [2.0, 4.3] 1000

3:

MoleculeNet [Wu 17] ESOL

FreeSolv

ESOL

1128, FreeSolv

642

, ,

3

6.2 PD
, PD

, 10

PWGK-Linear, PWGK-

Gaussian, PFK , EI

1 PD ,

0 PD ,

[Kusano 16][Le 18]

30 ,

4

, PD

6.3
PD ,

,

0 PD
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4:

(0th), 1 PD

(1st), kernel target alignment

(align), (MLE)

, 4

1

1

, PD ,

1:
Synthetic ESOL FreeSolv

Random 1.0000 1.0000 1.0000

PWGK 0th 0.1597 0.0571 0.6832

-Linear 1st 0.1551 0.3867 1.4169

align 0.1664 0.3119 1.0350

MLE 0.0898 0.1757 0.5241

PWGK 0th 0.1512 0.0763 0.8833

-Gaussian 1st 0.1509 0.4630 1.2399

align 0.1618 0.2455 0.8862

MLE 0.4308 0.0560 0.5867

PFK 0th 0.1172 0.1153 0.7685

1st 0.0730 0.2544 0.6644

align 0.0922 0.1195 0.8695

MLE 0.2220 0.0703 0.7640

7.

,

, Graph Bayesian Optimization (GBO)

[Cui 18] GBO

,

,

GBO ,

,

8.

,

PD , PD

, PD

, PD

, GBO

, ,

,

,

,

,

,
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