
Construction of Inverse Reinforcement Dynamics Learning Framework
based on Maximum Entropy Principle

Yuki Nakaguchi Riki Eto Itaru Nishioka

NEC
NEC Data Science Research Laboratories

Recently, reinforcement learning (RL) has been showing an increasingly high performance in a variety of complex
tasks of decision making and control, but RL requires quite careful engineering of reward functions to solve real tasks.
Inverse reinforcement learning (IRL) is a framework to construct reward functions by learning from demonstration,
but most of IRL algorithms require many accesses to the dynamics, though our access to and knowledge about
the dynamics is often limited. To deal with this uncertainty of the dynamics, we propose a novel mathematical
framework for constructing reward and dynamics by extending the celebrated maximum entropy framework of IRL.
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Markov
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(Inverse Optimal Control; IOC) [3]

Markov
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(reward) rt+1 ∈ R

∗2 t (time
homogeneous) Markov p = pt
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St At−1 = (a1, . . . , at−1)
at ( policy) π(at|St, At−1)
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t′ γt′

rt′+1 ( return)

(discount factor) γ ∈ [0, 1]
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(reward function) r(s, a) ≡ Ep[r|s, a]

s′

p(s′|s, a) =
∫

p(s′, r|s, a) dr

Markov p(s′|s, a)
Markov π(a|s) Markov

∗3 (trajectory)
ζ = (S, A) p(s′|s, a) π(a|s)

Markov

2.2
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tion D = {ζn}n D r(s, a)

[4–6] [7–9]
Bayes [10, 11]
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Bayes

Bayes
(posterior mean) (MAP)

Markov

MAP
[13]

2.3

φ(s, a)
r(s, a) = θT φ(s, a)

Gauss Gauss
(GP IRL) [14] [15, 16]

-

φ(s, a)
Feature construction for IRL

(FIRL) [17]

(Relative Entropy IRL; RE IRL)
[18]

Markov
(Linearly solvable MDP; LMDP) [19]

(Guided
Cost Learning; GCL) [16]

RE IRL
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[20]

3.
3.1

x

φ(x) Ep[φ(x)] ≡ ∑
x

p(x)φ(x)
〈φ〉 p(x)

p(x)
φ(x) Ep[φ(x)] 〈φ〉

H[p] ≡ Ep[− log p(x)] =
− ∑

x
p(x) log p(x)

p∗ = arg max
p∈Δ

H[p] s.t. Ep[φ(x)] = 〈φ〉

Δ ≡ {p | p(x) ≥ 0,
∑

x
p(x) = 1}

H[p]

Lagrange L[p, θ, λ]

L ≡ H[p] + θT(Ep[φ(x)] − 〈φ〉) + λ
( ∑

x

p(x) − 1
)

(1)

Lagrange minθ,λ maxp L[p, θ, λ]

pθ(x) = eθT φ(x)

Zθ
(2)

H[p]
Zθ =

∑
x

eθT φ(x) Bayes
(partition function)

Lagrange θ H[pθ] =
Epθ

[
−θT φ(x) + log Zθ

]
= − log(eθT 〈φ〉/Zθ)

0 = −∂H[pθ]
∂θ

= 〈φ〉 − Epθ [φ(x)] (3)

Epθ [φ(x)] =
− ∂

∂θ
log Zθ 〈φ〉

X 〈φ〉 = 1
|X|

∑
x∈X

φ(x)
H[pθ]

− log p(X|θ) θ

(2)

“ ”
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max
p̃∈Δ

[
−

∑
x

p̃(x) log p(x)
]

s.t. Ep̃[φ(x)] = 〈φ〉

“ ” [21]

3.2
Ziebart

(Maximum Entropy IRL; ME IRL)
[7]

s′ s a

s′ = f(s, a) ζ = (S, A)
A = AT = (a1, . . . , aT ) ζA

A

φ(ζ)
D 〈φ〉 ≡ 1

|D|
∑

ζ∈D
φ(ζ)

H[π] = − ∑
A

π(A) log π(A)
π∗ = arg max

π∈Δ
H[π] s.t. Eπ[φ(ζA)] = 〈φ〉

πθ(A) = eθT φ(ζA)/Zθ

Ziebart rθ(ζ) ≡ θT φ(ζ) ζ∑
t
r(st, at)

Eπθ [rθ]
〈rθ〉 = θT 〈φ〉

[22]

3.3
θ

Lagrange
(1) L[π, θ] = H[π] + Eπ[rθ(ζA)] − 〈rθ〉

rθ θ

[15, 16] πθ(A) = erθ(ζA)/Zθ

θ H[πθ] = − log(e〈rθ〉/Zθ)

0 = −∂H[pθ]
∂θ

= ∂ 〈rθ〉
∂θ

− Eπθ

[
∂rθ(ζA)

∂θ

]
(4)

(3)

3.4

A

S

S

(joint entropy) H[S, A] ≡
− ∑

S,A
p(S, A) log p(S, A)

S A

p(S, A) = p(A|S)p(S)
H[S, A] = H[A|S] + H[S]

H[A|S] ≡ − ∑
S,A

p(S, A) log p(A|S)
p(A|S) =

∏
t
p(at|S, At−1)

at

H[A|S] =
∑

t
H[at|S, At−1]

A S

(causally conditioned probability)

p(A||S) ≡
∏

t

p(at|St, At−1)

p(S, A) =
p(A||S)p(S||AT −1)

(causal entropy)

H[A||S] ≡ −
∑
S,A

p(S, A) log p(A||S) =
∑

t

H[at|St, At−1]

H[S, A] = H[A||S]+H[S||AT −1] Ziebart

[8, 9]
H[A||S]

π(A||S) π(A||S) =∏
t
π(at|St, At−1) π(at|St, At−1)

Lagrange (1)
L[π, θ] = H[A||S] + Eπ[rθ(S, A)] − 〈rθ〉 (5)

πθ(at|St, At−1) ∝ eq
(t)
θ

(St,At)

q
(t)
θ (St, At) ≡ Eπ [rθ(S, A) − log p(At+1:T ||St+1:T )|St, At]

q
(T )
θ (S, A) = rθ(S, A) q

(t)
θ (St, At) =

Est [log
∑

at+1
eq

(t+1)
θ

(St+1,At+1)]
θ H[A||S] =

− log(e〈rθ〉/eq
(0)
θ )

(4) θ

(causal likelihood)∑
S,A

πe(A||S)p(S||AT −1) log πθ(A||S) �
∑
ζ∈D

log πθ(A||S)

πe(A||S)
D

r(S, A) =∑
t
r(st, at) Markov
Q(t)(ST , AT ) ≡ q(t)(ST , AT )−∑

t′<t
r(st′ , at′ ) (st, at)

Markov π(at|st) ∝ eQ(st,at)

Vθ(s) ≡ log
∑

a
eQθ(s,a)

πθ(a|s) = eQθ(s,a)

eVθ(s) (6)

q(t) Q Bellman
Qθ(s, a) = rθ(s, a) + γEp[Vθ(s′)|s, a] (7)

Q, V

Bellman max softmax ∗4∗5

(5) π

Eπ[rθ(S, A)] + H[A||S]

∗4 γ
Hγ [A||S] ≡

∑
t

γtH[at|St, At−1]
r(S, A) =

∑
t

γtr(st, at) [23]
∗5 Bellman ‖Q‖∞ = sups,a Q(s, a)

Q Banach Bell-
man T : Q(s, a) �→ r(s, a) + γEs′ [log

∑
a′ eQ(s′,a′)|s, a]

γ- Banach Q
T nQ Q∗ = T Q∗ [23]
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[24]
[25, 26]

r → r/α α

α → 0 softmax
max (7) Bellman

π(a|s) = δ(a − arg maxa Q(s, a))

4.
π(A||S)

p(S||AT −1) H[S, A] =
H[A||S] + H[S||AT −1]

π∗, p∗ = arg max
π,p∈Δ

H[S, A] s.t. Eπ,p[φ(S, A)] = 〈φ〉

“ ” φ(st, at)
“ ” φ(st, at, st+1)

φ(S, A) =
∑

t

(
φ(st, at)

φ(st, at, st+1)

)

θ, λ

π(a|s) (6) Bellman

Q(s, a) = r(s, a) + Ep[V (s′)|s, a] + H[s′|s, a]
[8] (6.21) “ ”

rθ,λ(s, a) = θT φ(s, a) + λT Es′ [φ(s, a, s′)|s, a]

p(s′|s, a) = e−E(s,a,s′)

e−F (s,a)

E F (s, a) = log
∑

s′ e−E(s,a,s′)

Q, V [27]
Bellman

E(s, a, s′) = eλ(s, a, s′) + Ea′ [F (s′, a′)|s′] + H[a′|s′]
eλ(s, a, s′) ≡

λT φ(s, a, s′) “ ” “ ”

H[s′|s, a] = Es′ [E(s, a, s′)|s, a] − F (s, a)

H[a′|s′] = −Ea′ [Q(s′, a′)|s′] + V (s′)

5.

[20]

Bayes
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