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Learning to Find Hard Instances of Graph Problems
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Finding hard instances, which needs a long time to solve, of graph problems is important for building a good
benchmark for evaluating the performance of algorithms and analyzing algorithms to accelerate algorithms. In this
paper, We aim at automatically generating hard instances of graph problems. We formulate finding hard instances
of graph problems as an optimization problem and propose a method to automatically find hard instances by
solving the optimization problem. The advantage of the proposed algorithm is that it does not require any task-
specific knowledge. To the best of our knowledge, it is the first non-trivial method in the literature to automatically
find hard instances by using optimization. Through experiments on various problems, we show that our proposed
method can generate a few to several orders of magnitude harder instances than the random based approach in
many settings, and especially our method outperforms rule-based algorithms in the 3-coloring problem.
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DTNIAY XL (eg., 74y 7Y —1) I$EEFHRREEL
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BTHLEN, TOA VAR AN UTEBRIZT VT A L%
FITTEHILICE-THATEZED LTS, HlxE, FERT
X, ZEAMEDOA VAR ADH L X DOfElL, Brélaz T
VT ZLOFFIFTHELOBIZ L > TEHS N, 7T TR
FIEMED A Y A X AHL T, Nauty [McKay 14] A3
BRI T DI ERBRIZ L > TEHEI NS, ZD LI
EHTHIET, A VAR VADHL X 2 E&MIZFHITE 3
otk iz, md fkfEE UTOENMEPIREE 45,
TNUNT) AL L ZHWZEEDAS VARV A ¢ DL X DE
% hardness(z, L) & U CTKilT 5,

RE 1 (NEWAVRIVR) : HIZHEOBZEYT I L
TA VARV ARTRIZHE LS TR ENTEDN, ZDLS
IZUTERESNZA VARV ARBEHBTH Y, ZDL S RTE
WERAKWTIRRW, £z, NSk VAR AFAEET 5
ZENTE, ROV ESTHD, ATk, HIT
B4 VARV ADY A X /NSIETHEEL, FOY A XDH
THLWA VARV ARERT L 2HET,

RE 2 (Y FIE) ¢ HLIOFMIE—KIZT LTIV X
LY Ialb— T E0ERDDIZOREBPR0, 1 VAR
VADEE L WIS IZFHCR A 0 B, LT, hEDIC
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HLUWA VAR A L DWPRNICEDITE I ENREETH
%, ARWFETIE, FHEEEO LEE2 B IZ&ET S, I Ofl
ik, HEVIZHL L OHMBEEEMT 2 HE (eyg.,
brute-force search, EEMH 7L TV X L) IZHHTE R0,
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b LT L, EERUE(LT 22 & 2RET 5, #HL
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xT
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subject to « is an instance of Q.
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TN QDA YARVATH B LW EMIE—MITIiE Q 1THAF
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AT x5,

PAEDFEIZ LD, Problem 2 2f# Z 2R TEEH, A
TR CTH B 7-8, Problem 2 % it % DIXREET
BB, T, KRR TIEBOEMEZRTITZ ORI 2
M EOREIZ AT 5 Z & 2 RET 5,

Problem 3
maxliDmize E A~Bernounii(p)[hardness(A, L)]
subject to P e [0,1]"("71)/2
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VX —A5H6) ORI LTH YT v rEhb I eERT,
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ANC
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M 35, M %ZME 3 o s, M &M
B2 ORMBETHE2DT, FEDITFTT A IZD20VWT

hardness(A, L) < M DY iD, L7zhi-T, [EED P I
W UT, Esvpernouni(py[hardness(A, L)] < M 7%, £>T
M <M, —7%, M > Es pernouni(a)|[hardness(A4, L)] =
hardness(A*, L) = M &7:%, U7zhoT, M =M b
AN O

Theorem 2. [ 3 O HWEIE
f(P) = EA~Bernoull1',(P) [ha/Tdne&‘;(A, L)]

ETIEB T H B, K, C* BEKTH B,
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WiEE, TO LS BRET VTS 2 OPHL W [Ma 18] 72
b, ZOHFEIFRAL RV, B EE O ATIE, ——
Vv bOFEIFH L WE FEEINE S VAR VA A TG
U, ZO7 22 ayO®RM r 1703 Xb% AT LUTE
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TUCHLEEDIANTHS (e, r=hardness(A4, L)),
B 1%, WO PHSE 2 M EXE 5720 fiHIND, B
B D ANEHFEL R WD, AL LT/ A4 X 2z 2 {HiH
T3, TEV—REZEENDETZ7avid 1 DEZTROT, &
T a NI TH B,
TEZERETBDIZ, =a—F)3xy bT—2EFIII,
AL i T LT ¢ BENSHEE P AT (0=
L,2,...,nn—1)/2 ). TUT, MR P, IZit->THUEM
MIZY YTV TU, 57 A BWETS (e, 77V a
V) o IRIT, Wi E 1S5 72917 hardness(A, L) ZFHiid 5,
%2, REINFORCE 7 )L 3V X4 [Williams 92] % ffi-> T
Za2—FNERY NI —=ZETF)N w; DEAEEHRTS :

n(n—1)/2
3 (log P + log(1 — ) 749)

=1

w; = w; + ar
8wi

IITal3¥PLTHZ, P HIBHIEINTOILE, A
& A (i # g) NI L TWA D, FEPEWESIE P XM
LU TWRWED A & Ay (i #§) 1M cidel, 7%
FHEEFT Y VHOFEERBERE ET ML TE 2,
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ATFETOREFIETHE, LI OEOEFUIMTERETH S,
U7=h o C, REFIEE, T 20ICRVWKHZBEE TS
A VAR VAT TR, MOBRTHL WA VAR VAL R
DB eNTEL, ARETIIGH EEER ZDOHFRIZ DWW
TR 5,

3.1 SEUEDHE

L &2EMT NI XL, AEZBEOA VARV A, L(A) %
L AU THIT 50, OPT(A) % A ORG#EEE T 5,
OPT(A) IZEET VTV XL A # ANT B L THATE
%, L OiEMEE, suMEREIZSWTIE

L(A)

T(L) = Ais arrrll?rfétancc OPT(A)

B LI AMEEIZ BT

OPT(A)
L(A)

T(L) A is z:rrxliaix}gtance
TEHIND, ELEOHEEIE, ELT7VITY X LDMRE

ARBLDIZEETHSD. UL, gpely B0 2L
ERAMET A VARV AERFKRATHZ LI —RIZEH LY, *
IT, AVARVA ADHLIDfME LT LA 5r¢

OPT(A) %(fifHd % Z & CIREFEE AW TRAMIE WAL

OPT(A)
L(A)

EDA VARV AEFERT DI ENTE S,

3.2 FEF7ILI)ILDHEE

FIZET7 N TV XLEH R MEEMZTRTOERZ LT
L7V ALTH B, FIZET NIV X LOFRRZ N
THLEIE, RTOHRDINFII» D> G5 TlER
<, TNT) ALNEERELNT 5 RAEERH (maximum
delay) %7 5 UFHHRH (amortized time) 23 UIE UIEHH X
N5, AEHREEORD D ITIRKEERE 72 5 UHE R %
AVARVADHL SO UTHAT 2 Z & TARMEIZE T
LR IRIE RGBT 72 & U FHRIERM O CH#E L\ 1
VARVARERTHILHTES,

M1 =2a—S)3xy b7 —ZFEFIURERLZ=ZFOED
AVARVADE], Ny NIy FRUITRRT LT AL,
ZDA VAR Y A RIS B 7212 EE BLE O IR O H
LEapELTS, /J—NK3, 26, 28, BLU 32 THAII
L4057 (KA B, ALyyt) 34 290—-2%F
BT D7D, ZOA VAR VAR EROATRETIER WY, T 4
7)) =7 0NRA (HhEf) TRE AR ISR L TWS
ZeW, TOAVARVAEH UL UTWBEINTH 5,

S

Za—INRxY FNT—=ZETNELTIE 4 BOLE -k
T hBYEAWS, Adam [Kingma 14] Z AWTEEE1T,
FEREZ 0.001, f1 & 0.9, B2 2 0.999 IHET D, HMHA
R=ZAFA Ve LT—T VXL 77T (Erdés-Rényi
ETN) AT K BAMKE A EAR DR ST FiEE AV, MR-
AT74 e LT =RalEs L U077 7 AEETH L 200
W= R=ZAF7 NI X LE2HNDE, TNSEDR=AF1 T
X, 7VIT) XLEMHALT B (e, 3HEEO LR #o2
T IWERIN, TORTERDHEL WA VARV ARHII N
%, B =100000 IZ&EL, WIhoOFES 3 HM ERET
L rambiiic kx5, MEsSUT, 7570/ =K
BUIFHARNZ n =50 / — RIZ[EET 5P, n=50./—K%
AWz I K OFEPIEFIZHEL WA VARV AR AL
THBDAWEIZ R D551 n=232 /— NIZEET 5, dHe
BRAMEETILT) ZLUTFTOED % H NS,

=%EMEE (3-coloring) : 7Y XLk LTIE, Brélaz ®
a—YRAT 4y 7 7)NIY XL [Brélaz 79] 123D Ny 7
by YRR (Brélaz) 2L, L S Ok
95, HEBUI n=50 £ 95, ZOMETIE, X—A51
YELTV—AR=ZDTNIT) RALLMHT 5,

RNESRBEERRE (Vertex Cover): 70TV XL & LTI,
WA~y Fr 7L d EREHAWT, HROKE LD RIES
TN TELHAEBEET 2HRMERE (B&B) 2L,
U OMEITHRERE 5, THAHIZ =50 &35,
RKRKVY—VBE (Clique): 7NVITVALELUTH,
Bron-Kerbosch ® 7L TV X4 (BK), ¥Ry k& HWSRW
Bron-Kerbosch ® 7V 31 X2 (BKNP), Fast Max-Cliquer
[Pattabiraman 13] (FMC) ZfHL, #L s DEHIZZNZH
FERREE, FREE,  CPU KM (107° #) &35, THAR
ldn=32%&95%,

4.
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* 1 HERRG « AEI,

5 MDRIT 2TV, ENETNDORITCERLARBEL WA VARV AL X2 EI L2 D TH 5,

Ei 3-coloring Vertex Cover Clique Isomorphism
TNTY XL Brélaz B&B BK BKNP FMC Nauty
—a—J)xy hT—2 1151770980.6 12771.8 74499.6 4706426.4 5882966.0 9400.0
[INES RS 212276998.8 46659.8 160091.8 2615672.0 195117.4 120.6
PeE 7 E Uik 602.2 8003.2 12024.0 2518357.4 147054.4 68.4
Erdés-Rényi p = 0.1 937.4 761.0 86.8 105.8 27966.0 122.2
Erdés-Rényi p = 0.5 2.0 635.6 562.4 1503.6 36657.6 32.6
Erdds-Rényi p = 0.9 2.0 489.8 9365.4 327251.4 107445.0 118.0
[Cheeseman 91] 1567.6 N/A N/A N/A N/A N/A
[Hogg 94] 31708.2 N/A N/A N/A N/A N/A
[Vlasie 95] 85353.6 N/A N/A N/A N/A N/A
[Mizuno 08] 219342.2 N/A N/A N/A N/A N/A
R(B(Gn,0)) [Neuen 17] N/A N/A N/A N/A N/A 2700.0
R*(B*(Gn,0)) [Neuen 17| N/A N/A N/A N/A N/A 2182.0

7' 7AEMBE (Isomorphism) : 7)L3IVY AL LTI,
Nauty [McKay 14] 2L, #L X Offiix CPU K (1077
) &35, HABIEn=50 35, ZOMETIX, -2
SAVELTL—IAR=ZADTIVITY XLEMHT S,
FEFERER L ITRT, EOTLTY XATHLTE, =a—
FNEY NI =T ETIN LB D EN B LT Erdés-Rényi
ETFNEDEHELNA VARV ARERTETC WD, Kz, =
HOMEIIBNTIE, L= R—ZDH L\ VAR AR
TT) ZLZEARTEIEDPICH LWL VARV AERERT
ETCWS, Za—IN02xy bT—=2FETIUDERLUZHEL W
VARV ADHIE 11T,

5. f&am

KX T, 77 7MEDOH L\ WA v AR Vv A% B b
cLcENMeLz (ME2, 3), LT, ZhoDfMEz
T 72017, UBDE, BOPESARELE =a—Jbxy
=2 LB EER WS ZO0D HiEERRE LU, FEEBRTIE,
FFEIERMELTNVNT) ZLEZHAN, Za—F )iy hT—
7 L b T & B FEDL  OFEIZB VT Erdds-Rényi
EFNED—HiDroBHH L WA VARV AR DI A Z 2N
TE5Z2%mRU7z, FRC=RalETIE, REFEILV—
NR=ZDTNTY AL EDBHLNA VARV AEFERT S
ZEeNTEL (1),

I

AfFg2ix JSPS BHfE: 15H01704 & LY JST PRESTO
JPMJPRI165A DBk % %) 7=, F£7z, BEFIEOIEIZOW
TDHED B ik a8 U THWTAKFE O /NMAFIHBIZ &
NII @ Alessio Conte FHEMZEE IR EFHDOEERT 5,

SE Xk

[Brélaz 79] Brélaz, D.: New Methods to Color Vertices of
a Graph, Commun. ACM, Vol. 22, No. 4, pp. 251-256
(1979)

[Cheeseman 91] Cheeseman, P. C., Kanefsky, B., and Tay-
lor, W. M.: Where the Really Hard Problems Are, in
IJCAI pp. 331-340 (1991)

[Hogg 94] Hogg, T. and Williams, C. P.: The Hardest Con-
straint Problems: A Double Phase Transition, Artif. In-
tell., Vol. 69, No. 1-2, pp. 359-377 (1994)

[Kingma 14] Kingma, D. P. and Ba, J.: Adam: A Method
for Stochastic Optimization, CoRR, Vol. abs/1412.6980,
(2014)

[Ma 18] Ma, T., Chen, J., and Xiao, C.: Constrained Gen-
eration of Semantically Valid Graphs via Regularizing
Variational Autoencoders, in NeurIPS, pp. 7113-7124
(2018)

cKay cKay, B. D. an iperno, A.: Practica
McKay 14] McK B. D d Pi A.: Practical
graph isomorphism, II, Journal of Symbolic Computa-

tion, Vol. 60, No. 0, pp. 94 — 112 (2014)

[Mizuno 08] Mizuno, K. and Nishihara, S.: Constructive
generation of very hard 3-colorability instances, Discrete
Applied Mathematics, Vol. 156, No. 2, pp. 218-229 (2008)

[Neuen 17] Neuen, D. and Schweitzer, P.: Benchmark
Graphs for Practical Graph Isomorphism, in ESA, pp.
60:1-60:14 (2017)

[Pattabiraman 13] Pattabiraman, B., Patwary, M. M. A,
Gebremedhin, A. H., Liao, W., and Choudhary, A. N.:
Fast Algorithms for the Maximum Clique Problem on
Massive Sparse Graphs, in Algorithms and Models for
the Web Graph, WAW, pp. 156-169 (2013)

[Vlasie 95] Vlasie, R. D.: Systematic generation of very
hard cases for graph 3-colorability, in ICTAI pp. 114—
119 (1995)

[Williams 92] Williams, R. J.: Simple Statistical Gradient-
Following Algorithms for Connectionist Reinforcement
Learning, Mach. Learn., Vol. 8, No. 3-4, pp. 229-256
(1992)



