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Building sparse combinatorial model with non-negative constraint is essential in solving real-world problems such
as in biology, where the target response is often formulated by additive linear combination of features.This paper
presents a solution by combining itemset mining with non-negative least squares.

Our contribution is a proposal of novel bounds specifically designed for the feature search problem.
In synthetic dataset, the proposed method is demonstrated to run orders of magnitudes faster than a naive

counterpart without employing tree pruning. We also empirically show that non-negativity constraints reduce the
number of active features much less than that of LASSO, leading to significant speed-ups in pattern search. In
experiments using HIV-1 drug resistance dataset, the proposed method successfully model the rapidly increasing
drug resistance triggered by accumulation of mutations in HIV-1 genetic sequences. We also demonstrate the
effectiveness of non-negativity constraints in suppressing false positive features.
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Algorithm 1 Entire regularization path for nonnegative

interaction model
1: Require: Z,y

2: β = 0,A = arg max |∇L(β)|j , j /∈ A � Initial Search

3: λ = |∇L(β)|A,γA = 1,γj /∈A = 0

4: while λ > 0 do

5: τ1 =
(

βj

βj−γj

)
, j ∈ A

6: τ2 =
λ+(∇L(β))j

λ+(∇L(β))j−(∇L(γ))j
, j /∈ A � Main Search

7: step length τ = min {τ1, τ2}
8: if τ = τ1 then remove the variable from active set A.
9: end if

10: if τ = τ2 then add the variable to active set A.
11: end if

12: β ← (1− τ)β + τγ

13: ∇L(β)← (1− τ)∇L(β) + τ∇L(γ)
14: λ← (1− τ)λ
15: Recalculate new direction γA = −(X�

AXA)−11A
16: γj /∈A = 0

17: end while

:

xi,t = I(t ⊆ zi), ∀t ∈ T , (1)

I(.) ( )t x

1 , 0 .
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β , ;
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, L(y,Xβ) = ‖y − Xβ‖22
J(β) = ‖β‖1 .

β̂(λ) = arg min
β�0

L(y,Xβ) + λJ(β), (3)

λ .

β̂(λ)

, λ ,

λ0 < λk . . . < λ∞ , λk ≤ λ ≤ λk+1 ,

. β̂(λk+1) = β̂(λk)+ (λ−λk)γk
γk ∈ R

p λk ,equiangular

vector .

[Rosset and Zhu, 2003] 1 , 3

.

∂β̂(λ)

∂λ
= −

[
∇2L(β̂(λ)) + λ∇2J(β̂(λ))

]−1

∇J(β̂(λ)), (4)
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, .
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.
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L(β) + λ
∑
j

βj −
∑
j

δjβj , (5)

δj ≥ 0 ,X y L

. Karush-Kuhn-Tucker(KKT)

, .

∇L(β)j + λ− δj = 0 (6)

δjβj = 0 (7)

λ ,λ .

{
λ = 0 (∇L(β))j = 0, ∀j,
λ > 0 (∇L(β))j = −λ < 0, ∀{j : βj > 0} (8)

λ > 0 ,(∇L(β))j . λ

. ,β = 0 2 ,

λ KKT ,

λmax = min−(∇L(0))j = max(X�y)j . (9)

λ > 0 , β

0 . A = {j : β̂j(λ) �= 0}
, .

{
if j /∈ A ∇(L(β))j ≤ −λ, (10)

else if j ∈ A ∇(L(β))j = −λ. (11)

KKT , 5

. ,

, ;

∂β̂(λ)A
∂λ

= −(X�
AXA)−11A (= γA) , (12)

XA 1A A
, .

β γ ,

β∗
j ← (1− τ)βj + τγj (13)

0 < τ < 1 . γA

, 10,11
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, ;

: ,γA
,∇(L(β)j) = −λ . ,β∗

j 0

. ((1− τ)β+ τγ)j = 0

τ .

τ =

(
βj

βj − γj

)
. (14)

: ,γA
,∇(L(β))j ≤ −λ . 1 − τ : τ

∇L(β)j = −λ ∇L(γ)j = 0 .

, ∇L((1−τ)β+τγ)j = −(1−τ)λ

τ .

τ =
λ+ (∇L(β))j

λ+ (∇L(β))j − (∇L(γ))j
. (15)
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t ,(∇L(β))t =∑n
i=1 XtiCit where Cit = Xitβt − yi ,

.

Theorem 1 ,

∑
{i|Cit≥0}

XtiCit + λ < 0, (16)

t ,

.

,2

(∇L(γ))t =
∑n

i=1 XtiDit where Dit = Xitγt − yi
,

Theorem 2 ,∑
{i|Dit≤0}

XtiDit = 0,

t ,
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τ τj ,

λ+ (∇L(β))∗t
λ+ (∇L(β))∗t − (∇L(γ))∗t

≥ max
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τj ,

,t ,
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3.1 Initial search
1 2 , 1

, . ;
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.

(∇L(β))t =
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(∇L(β))∗t , .
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[Rhee et al., 2003] .
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. , x

1 , 2 ,

Arginin,Cystein

, {1A, 6C} .
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. 90%

. ,

90% .

, LAR/LASSO

.

2. ,2

, . ,

HIV-1 AZT

,10 . 2

LAR/LASSO

, , .

, 1

{170L, 173E} . ,

LAR/LASSO {139R}
. ,

, .

JSPS KAKENHI JP25700004 .

1:

max. pat. Proposed method Näıve method

size pruned time (s) pruned time (s)

2 96.8% 14.97 0% 90.69

3 98.2% 23.06 0% 726.81

4 98.7% 29.47 0% 422.89

5 98.7% 27.98 0% 340.56

6 99.0% 24.26 0% 383.66

2: LAR/LASSO 10

Absolute Proposed method itemset LAR/LASSO

rank Coeff. Itemset Coeff. Itemset

1 108 60I 127 170L, 173E

2 101 170L, 173E -85.1 139R

3 40.2 54I 71.2 60I, 173E

4 26.6 173E 45.7 60I

5 23.7 170L -32.9 139R, 173E
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