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In physics [Recketal.(1999] and related fields such
as quantum computation [BoYkin etal.(1999)] = coptro]
theory and mathematics (Lowenthal (1972)] " jsqnes of
realization of some objects such as unitary or
orthogonal operators have been discussed. In
such discussions, geometric aspects are sometimes

d [Agrachev and Sachkov (2004)] In this work

emphasize
constructions of mathematically modeled objects, with
some geometric properties, are discussed.

Suppose a group G and an element g of G is given,
and we want to express g as a product of elements of
G under some restrictions. For example, in [Hamada
(2014)], the author has considered such a problem for
G = SU(2) and G = SO(3), where the goal is to de-
compose g into a product of the minimum number of
rotations under the restriction that only two given axes
(roughly speaking, Hamiltonians) for constituent rota-
tions are allowed.

This work presents a generic geometric inequality
that shows a limit of this kind of (or similar) construc-
tions for a wide class of objects including SO(N) and
SU(N). It can be seen that the resulting bounds are

tight in some non-trivial cases.

Theorem 1 Let A be a set, M be a set of mappings
from Ato A, and d : AX A — R be a mapping satis-
fying

d(a,c) <d(a,b) +d(b,c)

for any a,b,c € A. Suppose also that
d(a,b) = d(f(a), f(]))

for any a,b € A and f € M. Then, for any inte-

ger v greater than 1, any Ty,..., T, € A, and any
Jiooo e Mif
f/(T]) = Tj forallj = 1,...,V,

the following inequality holds:

v—1

d(f, 0 fyoi 00 fi(T)), T,) < Z d(T;,Tjy).

J=1

Note the operation of composition o is associative.
In typical applications of this theorem, M would be
specified as an action of a group G on A. This theorem
can be shown by induction on v.

As an example, we consider the following case,
adopting the notation in [Hamada (2014)]: A = § 2
M = {R;(0)ls2 | D € S2,0 € R}, where R;(6) € SO(3)
denotes the rotation about ¥ by angle 6 (regarded as a
map rather than a matrix when the restriction |g2 is ap-
plied), and d is the geodesic metric on S2. Then, we
have an inequality that generalizes the two inequalities
(5.2) and (5.4) in Lemma 5.1 of [Hamada (2014)]. Those
two inequalities were used to obtain tight lower bounds
of the minimum number of constituent rotations. The
generalized inequality is presented for v = 3, the case
v > 3 being obvious: For any iy, 7, M3 € S? and

619 627 93 € Ra
d(Ryi,(03)R 0, (62) Ry, (81 )iy, ii13)
< d(iy, i) + d(ii, i3). (D

This simple case with v = 3 is already powerful. In
fact, the above inequality (i.e., the theorem) directly
implies the following known result of Segercrantz,
1966 (or Davenport, 1973): Suppose that any element
g in SO(3) can be written as g = R;,(a)l?i(ﬂ)k,;,(y) with
some @,B,y € R. Then, [ is perpendicular to both #i
and /. [The converse is also true.] Note without loss
of generality, we may assume d(ij,j.1) € [0,7/2]
for j=1,...,v—1 (if not, flip the signs of vectors).
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