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1. Introduction 
Nanoscale semiconductor quantum dots have recently 

been of great interest and successive study from different 
points of view [1-4]. Advanced fabrication technology has 
been applied to consider another degree of freedom along 
the growth direction for vertically coupled quantum dots 
(VCQDs). Evident physical properties in such system are 
the effect of dot-to-dot interactions on the electronic struc-
ture, the electronic entanglement, and the charge transfer 
[2]. Many studies have considered two-dimensional (2D) 
lateral geometry and confinement potential to explore the 
electronic structure of VC 2-layers QDs [2,3]. For the 
structure with different shapes, 3D modeling is important to 
clarify the electronic structure of VC multilayers QDs 
(VCMQDs) under applied magnetic fields B.   

In this paper, the electronic structure of VCMQDs with 
different shapes under applied B is explored by using a 
unified 3D model. Our Hamiltonian considers the position- 
and energy-dependent quasi-particle effective mass ap-
proximation and Landé factor, the finite hard wall con-
finement potential, and the Ben Daniel-Duke boundary 
conditions. A nonlinear iterative method is applied to solve 
the 3D VCMQDs’ problem with disk (DI), elliptical (EL), 
and conical (CO) shapes. For the VCMQDs with small 
QDs at B = 0 T, the transition energy is dominated by the 
number of stacked layers N. The inter-distance d among 
QDs plays a crucial role in the tunable states of VCMQDs. 
For DI-shaped VCMQDs with d = 1 nm, variations of the 
ground and first excited state electron energies are all larger 
than 30%. Under B, the energy band gap of VCMQDs 
shifts with the strength of B and becomes wake when N 
increases. This study is constructive in studying the mag-
neto-optical phenomena and quantum optical structures. 

 

2. A Three-Dimensional Computational Model  
As shown in Fig. 1, for VCMQDs in the one-band en-

velope-function formalism, effective Hamiltonian is  
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where Πr is the electron momentum vector. m(E,r) and 
g(E,r) are the electron effective mass and Landé factor  
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V(r) is the confinement potential, Eg(r) and ∆(r) are the 
band gap and spin-orbit splitting in the valence band, P is 
the momentum matrix element, σ is the vector of the Pauli 
matrix. The Ben Daniel-Duke boundary condition for the 
wavefunction )(rΨ  between material interface rs is  
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To solve the corresponding multi-dimensional nonlin-
ear Schrödinger equation derived from (1)-(4), the nonlin-
ear iterative method [4] has been generalized to compute 
the “self-consistent” solution of the problem.  

 

3. Results and Discussion 
A 10-layers vertically stacked QDs system is studied, 

where InAs dots are embedded into GaAs matrix. Shown in 
Fig. 1, DI-, EL-, and CO-shaped quantum dot layers are 
separated by d among QD layers. For the VCMQDs with 
small QDs (e.g., z0 = 2-4 nm and R0 = 5-20 nm) separated 
by a fixed d, the transition energy of 10-layers VCMQDs 
with 3 different shapes is significantly dominated by N. 
When N increases the electron transition energy decreases 
monotonically and eventually tends to a saturated value for 
N > 6. Figs. 2 and 4 show the calculated transition energies 
versus N for the states l = 0 and l = -1. DI- EL, and 
CO-shaped QDs are with R0 / z0 = 10 nm / 2 nm. For the 
DI-shaped 10-layers VCMQDs with d = 1 nm, the electron 
energy difference is 0.18 eV and its variation is up to 40% 
for the state of l = 0. The energy transition for l = -1 in DI, 
EL, and CO shapes is less dependent on N. Shown in Figs. 
3 and 5, the calculated electron occupancy ratio W in-
creases when N increases and tends to a saturated value. 
This confirms the dependence of shapes and N on transition 
energy of the 10-layers VCMQDs. Under B = 0 T, Table I 
summarizes the energy variation for the 10-layers 
VCMQDs with different shape and d. With the similar 3D 
modeling and simulation, we have calculated the hole en-
ergy and for different shapes. The transition energy among 
the states and the structure’s energy band gap are calculated 
systematically as a function of B with arbitrary strength. 
The calculations of the energy band gap for the 10-layers 
VCMQDs with different shapes are shown in Figs. 6, 7, and 
8, respectively. We observed that the dependence of mag-
netic fields on the transition energy is reduced when N is 
increased. To verify the calculated transition energies of the 
stacked QDs quantitatively, transition energies can be 
measured experimentally from the photoluminescence 
spectra. This study is useful for the study of quantum opti-
cal structures and design of advanced semiconductor 
photonic and electronic devices. 

 

4. Conclusions  
In conclusion, we have presented a unified 3D mod-

eling and simulation for VCMQDs under applied magnetic 
fields with different shapes and inter-distances among QDs. 
For small QDs, our examination has shown that the transi-
tion energy is directly dominated by the number of stacked 
layers. The inter-distance among layers also plays a crucial 
role in the tunable states of the dots. The dependence of 
magnetic fields on the electron transition energy was de-
pressed when the number of vertically coupled layers is 
increased.  
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Fig. 1 A 10-layers VCMQDs with DI- (the left figure), EL, and CO-shaped (the right one) QDs. For VCMQDs with small QDs, the d = 
1~30 nm, the height z0 = 1~5 nm, the radius R0 = 5~20 nm, and N = 2~30. In our study, R0 / z0 = 10 nm / 2 nm 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2 Electron energy (l = 0) vs. N for the 
10-layers VCMQDs under B = 0 T with 
different shapes.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3 W vs. N for the 10-layers VCMQDs 
under B = 0 T with different shapes and l 
= 0. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4 Electron energy (l = -1) vs. N for 
the 10-layers VCMQDs under B = 0 T 
with different shapes.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 5 W vs. N for the 10-layers VCMQDs 
under B = 0 T with different shapes and l 
= -1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 6 The energy gap versus N and B for 
the 10-layers InAs/GaAs VCMQDs with 
DI-shaped QDs , where d = 5 nm.  

 
Fig. 7 The energy gap versus N and B for 
the 10-layers InAs/GaAs VCMQDs with 
EL-shaped QDs , where d = 5 nm.  
 

 

d = 1 nm
B = 0 T
l = 0

N
0 2 4 6 8 10 12

El
ec

tro
n 

E
ne

rg
y 

(e
V

)

0.2

0.3

0.4

0.5

0.6

0.7

0.8

DI-shaped VCQDs
EL-shaped VCQDs
CO-shaped VCQDs

d = 1 nm
B = 0 T
l = 0

N

0 2 4 6 8 10 12

W

0.0

0.5

1.0

1.5

2.0

2.5

∫

∫

−∈

−∈

Φ

Φ

=

2

23
1

23

|),(|

|),(|

material

material

zRd

zRd

W

r

r

r

r

d = 1 nm
B = 0 T
l = -1

N

0 2 4 6 8 10 12

E
le

ct
ro

n 
E

ne
rg

y 
(e

V
)

0.2

0.3

0.4

0.5

0.6

0.7

0.8

d = 1 nm
B = 0 T
l = -1

N
0 2 4 6 8 10 12

W

0.0

0.5

1.0

1.5

2.0

2.5

 d (nm) 0.5 1 2 3 5 

l = 0 58.79 39.74 19.28 9.51 2.33 
DI shape 

l = -1 46.26 31.28 15.12 7.40 1.78 

l = 0 47.11 32.32 16.10 8.15 2.12 
EL shape 

l = -1 32.81 22.71 11.54 5.98 1.65 

l = 0 32.83 23.04 12.13 6.59 2.02 
CO shape 

l = -1 19.37 14.04 8.04 4.88 2.00 

Table I Electron energy variation of the 10-layers InAs/GaAs VCMQDs at B = 0 T with 
various d. The structure is with DI, EL, and CO shapes, where l = 0 or -1. Electron energy 
variation is calculated with (EN=1 - EN=10) / EN=1 (%)  

Fig. 8 The energy gap versus N and B for 
the 10-layers InAs/GaAs VCMQDs with 
CO-shaped QDs , where d = 5 nm.  
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