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Abstract: Hamiltonian engineering is an im-
portant approach for quantum information pro-
cessing, when appropriate materials do not ex-
ist in nature or are unstable. Here, we theoreti-
cally propose methods to dynamically realize the
Kitaev spin Hamiltonian and Yao-Kivelson (YK)
Hamiltonian from the Heisenberg spin Hamilto-
nian using a pulse-control technique. We show
that if we carefully design two-dimensional pulses,
we can obtain the desired Hamiltonians in only
one step.

1. Introduction
Topological quantum computation (TQC) has at-

tracted considerable interest due to its robustness to lo-
cal perturbations. Anyons, which obey different statis-
tics from bosons and fermions, are also of fundamental
interest in physics. Kitaev [1] provided an important
exactly-solvable model of a spin-1/2 system on a honey-
comb lattice with potential links to topological quantum
computation:

HK = −Jx
∑

x−links

XjXk−Jy
∑

y−links

YjYk−Jz
∑

z−links

ZjZk,

(1)
where Xj , Yj and Zj are the Pauli spin operators and
the interaction type (x, y, and z links) depends on the
direction of the bond between the two sites (Fig. 1). This
spin model has been stimulated research on the physics
of anyon systems, including Majorana fermions. Yao and
Kivelson extended the model to accommodate the chiral
spin state [2]. However, it is not easy to find materials
which have such anisotropic interactions.
Here, dynamical methods are provided to design the

Kitaev Hamiltonian and the YK Hamiltonian from the
Heisenberg Hamiltonian:

HS =
∑
i<j

[JxXiXj + JyYiYj + JzZiZj ], (2)

by applying a customized pulse sequence to HS , like
NMR, using the Baker-Campbell-Hausdorf (BCH) for-
mula [3].
2. Dynamical creation of the Kitaev spin Hamil-
tonian
The target Hamiltonian Htgt is approximately ob-

tained using the BCH formula by Htgt = HS +HR, such

as e−itHSe−itHR ≈ e−it(HS+HR)−t2[HS ,HR]/2+.., when
Jαt ≲ 1. The terms higher than t are the unwanted ones.
The transformed Hamiltonian HR is produced by using
rotations of the Pauli operators, Xi → −Xi, Yi → −Yi

and Zi → −Zi.
Direct method.— The direct way to convert Eq. (2) to
Eq. (1) requires six steps, as shown in Fig. 2. The first

process is to create the three Ising Hamiltonians, Hx =∑
i,j JxXiXj , Hy =

∑
i,j JyYiYj , Hz =

∑
i,j JzZiZj ,

from Eq. (2) as shown in Figs. 2(a,c,e). The gen-
erated Ising Hamiltonians are described by Hα

step1 =

log[eitHSeitH
α
r1 ]/(it), where Hα

r1 = Pα†
1 HSP

α
1 (α =

x, y, z) is a rotated Hamiltonian by applying a π/2-
pulse around the α-axes on the lattice sites of Figs.
2(a,c,e). The next process is to erase unnecessary Ising

interactions, such as Hα
step2 = log[eitH

α
step1eitH

α
r2 ]/(it),

where Hα
r2 = Pα†

2 Hα
step1P

α
2 is obtained by applying

π/2-pulses depending on the links in Figs. 2(b,d,f).
Thus, the Kitaev Hamiltonian is dynamically obtained

by Hdir
K (t) = log[eitH

x
step2eitH

y
step2eitH

z
step2 ]/(it). Note that

parts of the Kitaev Hamiltonian do not commute, i.e.,
[
∑

x−links XjXk,
∑

y−links YjYk] ̸= 0. Therefore, the un-
wanted terms increase in the direct method. A better
method is presented below.
Efficient method.— The Kitaev Hamiltonian HK is
produced more efficiently from HS when we apply ro-
tation pulses more compactly. Figure 3 shows the dis-
tributions of the rotation pulses Peff by which the BCH
formula is used only once, such that

2τHeff
K = τ(HS +Heff

R ), (3)

with Heff
R = P †

effHSPeff . The x-link of the colored hon-
eycomb is produced by applying a rotation around the
y-axis and that around the z-axis on both sides of the
link. Similarly, the y (z)-link is similarly produced.
Refresh overhead.— If τrot denotes the time of a single-
qubit rotation, it takes 2(2τrot + τ) and 12(2τrot + τ) to
produce rotations exp (−i2τHeff

K ), and exp (−i4τHdir
K ),

respectively. Similarly to the conventional dynamic ran-
dom access memory (DRAM), here we define the refresh
overhead as the effectiveness of the refresh of the quan-
tum state:

roh ≡ refresh overhead =
time required for refresh

refresh interval
. (4)

The refresh overhead of the efficient method presented
above is reffoh = 2τrot+τ

τ ≈ 2Jzτrot + 1, and that of the di-

rect method shown previously is rdiroh = 3(2Jzτrot +1),for
Jzτ ≲ 1. Thus, the efficient method is three times ef-
ficient than the direct method. When τrot ≈ 1 ns, the
efficient method requires a time of 4τrot ≈ 4 ns and the
direct method requires a time of 24 ns. Thus, when the
dephasing rate [4] is T2 ∼ 10 ns, only the efficient method
is applicable. When the dephasing rate [5] is T2 ∼ 100 ns,
both methods can be applied. A short τrot is important
for both methods.
3. Numerical calculation–Fidelity.
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Let us numerically estimate the improvement of the
efficient method by calculating a time-dependent gate fi-
delity defined by. F (t) = |Tr[exp(itHK)UP(t)]|/2N ,where
UP(t) denotes the evolution operator of the pulsed sys-
tem. The gate fidelity shows how well the transformed
Hamiltonian evolves compared with HK .
Figure 4 shows the numerical result for N = 10 qubits

(two honeycomb lattices), where Jx = Jy = 0.3Jz in-
cluding the the spin-orbit interaction and the hyper-fine
interaction. In various parameter regions, the overlap
with the Kitaev Hamiltonian is excellent when using the
pulse-controlled method.
4. Dynamical creation of the Yao-Kivelson
Hamiltonian
The above-mentioned efficient method is extended and

applied to the one step generation method of the Yao-

Kivelson method as shown in Fig.5.

5. Conclusions

In summary, we proposed methods on how to dynami-
cally generate the Kitaev spin Hamiltonian and the Yao-
Kivelson Hamiltonian from the Heisenberg spin Hamil-
tonian by using a dynamical approach. We clarified that
a dynamic TQC is available by periodically reproducing
the topological Hamiltonian.
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Fig.1:Kitaev model on a honeycomb lattice. 

Fig.2:Direct method to dynamically produce 
a Kitaev Hamiltonian. The symbols x, y and 
z in the lattice sites show the application of 
π/2-pulses around x, y and z, respectively. 
The bonds with dotted lines indicate that 
there is no interaction between the 
connected sites. (a) Pulse mapping of P1

x to 
create the Ising Hamiltonian, Hstep1

x.(b) 
Pulse mapping to select only the x-link of 
the Kitaev Hamiltonian from the Ising 
Hamiltonian of (a). (c)-(d) and (e)-(f) express
pulse distributions for generating the y and z
links, respectively

Fig.3: Efficient method to dynamically produce a 
Kitaev Hamiltonian from the Heisenberg model. The x, 
y and z on the lattice sites show the application of π/2-
pulses around x, y and z, respectively.

Fig.4: Numerically-calculated gate fidelity. Here ``dir" 
corresponds to the direct method (Fig.2), and ``eff" 
corresponds to the efficient method (Fig.3), respectively. 
``BCH-n" means that the BCH formula is applied n
times.
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Fig.5: One step generation of the Yao-Kivelson
model using pulse control. 
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