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Abstract 

Using a minimum model consisting of a magnetic 
quantum dot and an electron reservoir, we investigate 
spin pumping by its precessing magnetization. When the 
time scale of the precession period is as short as the cor-
relation time of the reservoir, non-Markovian effect on 
the electron dynamics underlying the spin pumping 
should be considered. In this study, we analyze the elec-
tron dynamics by means of the full counting statistics em-
bedded in the quantum master equation formalism, and 
obtain frequency dependence of the spin pumping both in 
Markovian case and non-Markovian case. By comparing 
the results, we show that the Markovian approximation 
causes an overestimation of the pumped quantity espe-
cially in a high frequency regime. 
 
1. Introduction 

The generation of a spin-polarized electron current (spin 
current) in a microscopic system such as quantum dot is a 
central issue in realizing single electron spintronics. The spin 
pumping is a method to generate spin current in a ferromag-
net/normal metal junction, where the spin current is induced 
by precession of the magnetization in the ferromagnet into the 
normal metal [1]. The method has been widely used in exper-
iments in bulk systems [2]. A microscopic model used in an-
alyzing the spin pumping consists of a magnetic quantum dot 
attached to an electron reservoir and is called a minimum 
model [3]. In the minimum model, the spin current is induced 
into the electron reservoir by time-periodic precession of the 
magnetization of the dot. 

In previous studies, the effect has been formulated in an 
adiabatic regime, where the precession is sufficiently slow 
compared with the relaxation time of the dot by tunneling. 
However, since period of the precession (≈ 10$%&sec.) is 
comparable to or shorter than the relaxation time ( ≈
10$'sec.) in an actual experiment [4], it is necessary to study 
the spin pumping under relaxation. In light of the perspective, 
the authors studied it by applying the full counting statistics 
embedded in the quantum master equation formalism [5] with 
the Born-Markov approximation, which is verified when the 
time scale under consideration is sufficiently longer than the 
correlation time of the reservoir [6]. However, in the short 
time scale studied in the experiment, the correlation time of 
the reservoir should also be considered to be finite. This re-
quires to analyze electron dynamics beyond the Markovian 
approximation to obtain a precise description of the spin 
pumping especially in a high frequency regime. 

In this study, we study the non-Markovian effect on the 
spin pumping by applying the full counting statistics embed-
ded in a non-Markovian quantum master equation formalism 
to the minimum model. By including the non-Markovian ef-
fect, the electron dynamics exhibits a time-reversible behav-
ior in the early stage of the relaxation process within the short 
time scale. We discuss effects of the partial time-reversibility 
on the spin pumping. 
 
2. Formalism 

We consider the minimum model of the spin pumping [3] 
consisting of a ferromagnetic quantum dot contacting with an 
electron lead (FIG.1). The quantum dot has a dynamic mag-
netization M(t) that rotates around a fixed axis with a certain 
period T. An electron in the dot is spin polarized because of 
the s-d exchange interaction with the magnetization. The lead 
is modeled by an ensemble of free electrons. The coupling 
between the dot and the lead is assumed to be spin preserving 
and is modeled by Ohmic spectral density. 

We formulate the spin pumping by using the full counting 
statistics. It provides statistics of net number of transferred 
electrons from the dot to the lead within a certain time interval 
by using difference of outcomes of two successive projective 

measurements of the electron number in the lead. By obtain-
ing mean values of transferred spin up and spin down elec-
trons 〈Δ𝑛↑〉 and 〈Δ𝑛↓〉, we define the spin current by 𝐼↑ =
(〈Δ𝑛↑〉 − 〈Δ𝑛↓〉)/𝑇. The mean values can be evaluated by 
solving a time-convolutionless type quantum master equation 
modified to include information of the counting [7]. In the 
present study, we evaluate the spin current by numerically 
solving the master equation with and without the Markovian 
approximation. 
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Using a minimum model consisting of a magnetic quantum dot and an electron reservoir, we
investigate spin pumping by its precessing magnetization. When the time scale of the precession
period is as short as the correlation time of the reservoir, non-Markovian effect on the electron
dynamics underlying the spin pumping should be considered. In this study, we have analyzed the
electron dynamics in terms of the full counting statistics with the quantum master equation without
using Markovian approximation.

The generation of a spin-polarized electron current (spin current) in a microscopic system such as quantum dot is
a central issue in realizing single electron spintronics devices. The spin pumping is a method to generate spin current
in a ferromagnet-normal metal junction, where the spin current is induced by precession of the magnetization in the
ferromagnet into the normal metal [1]. The method has been widely used in experiments in bulk systems [2]. A
microscopic model used in analyzing the spin pumping consists of a magnetic quantum dot attached to an electron
reservoir (FIG.1) and is called a minimum model [3]. In the minimum model, the spin current is induced into the
electron reservoir by time-periodic precession of the magnetization of the quantum dot.
In previous theoretical studies, the effect has been formulated in an adiabatic regime, where the precession is

sufficiently slow compared to the relaxation time of the dot by tunneling. However, since period of the precession
(≈ 10−9 sec.) is comparable to or shorter than the relaxation time (≈ 10−8 sec.) in actual experiments, it is necessary
to study the spin pumping under relaxation (it has been studied with the Markovian approximation in [4]). In the
short time scale, the correlation time of the reservoir should also be considered to be finite. This requires to analyze
electron dynamics beyond the Markovian approximation, since it fails in the short time scale.
In this study, we have studied the non-Markovian effect on the spin pumping by applying the full-counting statistics

[5] with a non-Markovina quantum master equation [6] to the minimum model. By including the non-Markovian effect,
the electron dynamics exhibits a time-reversible behavior in the early stage of the relaxation process within the short
time scale. In this talk, we will preset effects of the time reversibility on the spin pumping.

θ

z

M(t)

Quantum dot Lead

spin

current

FIG. 1. A schematic figure of the minimum model. Precession of the magnetization M(t) in the quantum dot may induce spin
current into the electron reservoir (lead).
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FIG. 1  A schematic figure of the minimum model. Pre-
cession of the magnetization M(t) in the quantum dot may 
induce spin current into the electron reservoir (lead). 
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3. Results 
In FIG. 2, we plot the frequency dependence of the spin 

pumping obtained by numerically solving the master equation 
with (blue line) and without (red line) the Markovian approx-
imation. The insets show a magnification of a low frequency 
regime (up to Ω6 = 0.005) (i) and dependence in a higher fre-
quency (up to Ω6 = 0.05) (ii). 

In both cases, the spin current linearly depends on Ω for 
a lower frequency, whereas it oscillates depending on Ω for 
a higher frequency. The oscillation is caused by a Rabi oscil-
lation between the spin up state and the spin down state in the 
dot, where the spin current takes a maximum value when the 
precession period is an integer multiple of the Rabi period and 
it takes a minimum value when the precession period is a half 
integer multiple of the Rabi period [5].  

By comparing the Markovian and the non-Markovian re-
sults, we find that both results coincide in the linear regime, 
whereas the Markovian result deviates from the non-Markov-
ian result in the oscillating regime. The deviation is signifi-
cant in the higher frequency region presented in the inset (ii). 
The deviation is caused by a backflow of electrons from the 
lead to the dot, which is a temporal reversal of the electron 
flow due to the partial time-reversibility of the non-Markov-
ian dynamics [8]. The result shows that the backflow reduces 
the amount of the spin current. Conversely, since the non-
Markov dynamics is more realistic than the Markovian dy-
namics especially in the high frequency region, one may over-
estimate the spin current relying on the Markovian approxi-
mation. 

 

 
3. Conclusions 
   In this study, we have studied the spin pumping in the 
minimum model by analyzing the electron dynamics in terms 
of the full counting statistics embedded in the quantum master 
equation formalism with and without the Markovian approx-
imation. By comparing the Markovian result and the non-
Markovian result, we find that the backflow of electrons 

caused by the non-Markovian dynamics reduces amount of 
pumped electron current. Since the non-Markovian dynamics 
is more realistic than the Markovian dynamics especially in 
the high frequency region, one may overestimate the spin cur-
rent relying on the Markovian approximation. Thus the non-
Markovian dynamics should be taken into account when one 
estimate the pumping under the rapid modulation. 
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of the Rabi oscillation between two Zeeman levels in the
dot.

By introducing a unit energy ϵu ≡ !ωu and a unit
time tu ≡ 2π/ωu, we normalize energy, inverse temper-
ature and time, and introduce the notations ω̄ ≡ ω/ωu,
ϵ̄ ≡ ϵ/ϵu, β̄ ≡ β/βu, and t̄ ≡ t/tu, respectively. In the
numerical calculations, we set the unpolarized electron
energy of the dot to ϵ̄d = 10, the chemical potential of
the lead to µ̄ = 10, and the inverse temperature of the
lead to β̄ = 100. The parameters satisfies conditions
ϵd − M < µ < ϵd + M and β−1 ! 2M , which are es-
sential for spin pumping because, if the condition is not
satisfied, we have no spin current generation since either
electrons are not transferring to the dot (as ϵd −M > µ)
or spin-↑ and spin-↓ electrons of equal amounts flow onto
the dot (for µ > ϵd +M) [27].

We consider to rotate the magnetization following the
steplike protocol introduced in the previous section. Here
we fix the number of division to N = 20, and change
Ω = 2π/(Nδt) by changing the time interval δt. We also
fix the azimuthal angle to θ = 3π/4.

As an initial condition, we set the dot in the steady
state satisfying ξ(0)(t → ∞)ρst = 0. For the above pa-
rameters, the steady state corresponds to the state where
a single electron with spin parallel to the magnetization
M(t) is in the dot [27].

In FIG. 1, we plot the dependence of the generated spin
current I↑ against the normalized angular frequency Ω̄ ≡
Ω/ωu in comparison between (red line) a non-Markovian
result and (blue line) a Markovian result. The insets
show (i) a magnification of a low frequency region (up
to Ω̄ = 0.005) and (ii) dependence on a higher frequency
(up to Ω̄ = 0.5).

In both cases, we find that the spin current linearly de-
pends on Ω for a lower frequency (up to Ω̄ ∼ 0.002 (see in-
set (i))), whereas it oscillates depending on Ω for a higher
frequency. Regarding the linear dependence for the lower
frequency, the time interval δt is sufficiently larger than
the relaxation time of the dot. For such a long time inter-
val, the numerator of eq.(1) takes a constant value since
the spin flow Jspin(t) has already reached 0 at a certain
t with t < δt [27]. As a result, the spin current lin-
early depends on Ω for the lower frequency. On the other
hand, regarding the oscillation for the higher frequency,
the time interval δt is comparable with or larger than
the relaxation time, thus φ changes during the relaxation
process. During the relaxation process, the electron dy-
namics in the dot exhibits a Rabi oscillation between the
two half-filled states with an electron of spin-↑ or spin-↓
in a consequence of the magnetization. The amount of
generated spin current takes a maximum value when the
time interval δt is an integer multiple of the Rabi pe-
riod since spin flip of an electron in the dot is resonantly
enhanced by change of φ in this case. Conversely, the
amount takes a minimum value when the δt is a half-
integer multiple of the Rabi period since the spin flip in
the dot is anti-resonantly suppressed by change of φ in
the case [27].

I↑/ωu

Ω/ωu

(i) (ii)

FIG. 1. Frequency dependences of the spin current. Insets: (i)
a low frequency regime (ii) dependence on a higher frequency.

By comparing the non-Markovian result and the
Markovian result, we find that both results coincide
in the linear regime, whereas the non-Markovian re-
sult deviates from the Markovian result in the oscil-
lating regime. Especially, in the high frequency region
presented in the inset (ii), the deviation is significant:
the Markovian result diverges with respect to the fre-
quency, whereas the non-Markovian result is totally sup-
pressed. This arises because the non-Markovian effect
mostly dominates the dynamics at an initial stage of the
relaxation process. In the oscillating regime, the non-
Markovian effect majorly affect the electron dynamics
since the time interval δt is short as it is comparable to
or shorter than the relaxation time in this regime. Thus
the deviation is significant in the oscillating regime. On
the other hand, in the linear regime, the non-Markovian
effect is minor since δt is sufficiently longer than the re-
laxation time. Therefore, there is no significant difference
between the non-Markovian and the Markovian results in
the linear regime.
The above argument can be proved by considering the

temporal spin flow (2). In FIG. 2, we plot time evolutions
of the spin flow (a) under the Markovian dynamics and
(b) under the non-Markovian dynamics. In the figures,
we plot the time evolutions in a single time interval of the
steplike rotation of the magnetization. The time interval
is set to be larger than the relaxation time (in the present
numerical calculations, τ̄r ∼ 20 and δt̄ = 40), and the
other parameters as well as the initial condition is set to
be same with the calculations obtaining FIG. 1.
By comparing the figures, we find two major differences

between the Markovian result and the non-Markovian re-
sult. The first difference is the initial value of the flow
at t̄ = 0. In the Markovian result, the flow takes a finite
value at t̄ = 0, whereas it is zero in the non-Markovian
result. Physically, it means that the spin starts moving
toward the lead from the dot with a finite impetus imme-
diately after the the system starts to evolve. Clearly, such
a time behavior violates the quadratic time dependence

FIG. 2  A typical frequency dependence of the spin 
pumping evaluated with (blue line) and without (red line) 
the Markovian approximation. The axis are normalized 
by a unit angular frequency 𝜔:, which is the angular fre-
quency of the Rabi oscillation between spin up and spin 
down states in the dot. 
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