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Reconsideration of Vector and Tensor Analysis

Y E D
Nobuyoshi Tosaka

DT (¥k) Material speaks T-Lab. {43

(T 192-0373 B AR\ L5/ _EAlA 3-9-1-211 E-mail: nob42tsk@ gmail.com.)

In conventional vector analysis, gradient of scalar field and divergence and rotation of vector field are intro-
duced as differential quantities under some physical concepts in fluid mechanics and solid mechanics. In this

reconsideration the above differential quantities of not only scalar and vector fields but also (second order)

tensor field can be defined mathematically on each differential mapping without any physical consideration.
Key Words : Vector Analysis, Tensor Analysis, Differential Quantities, Differential Mapping, Gibbs

Product, Dot Product, Cross Product

1. ELC&IC

R NVIRFFIE AN 5 — 82 X7 NV OB RS
DERITH B, Bz, TOEHKRIZFNSDGOLF %
L ORDBIDOWMNEL UTEAINTWEANT —
BOARE X7 MVGEOFRERBIRTH 5 [1,2], LA
Uy R MVGORAEIZBERT 5 LS ICEEZMO &
THBHIZHMb S5 TEEDRY MVER TSNS
ey, ToERELTEZONDZ LT, *
DWHER2BEDT VYV ILELRD T VY VDR G
BB THD,

—7. BHRNZEOREBIERTH 53R TIE, B
W& RELT 5 72 DT AT A il X AL A L A FE AR 75
Lo TWb, Lo T, Mtk Z0IAKIE &
LTEAD S = R MUGEITTIRRLSTF VYL
BEEDEMARAE LTDORY ML - 52 UGN
PRETH 5,

ZDEDHEMMPA SR NV - FUVINRRE —E
U CTHER S 2504 % BRIZ SRR [34] IZR LT &, 2D
HETIZ, BGOMOEFIHIGT MO ELEL D &
SIWBARIIEDOVWTERETEZ D0 ZMHMIZL, 2D
FHDBRRT MVEHBED AN 5 —FERR2Z MLEDHLE
WZEoTHEZONEZ L Z2RT,

2. BB/ EZORER
(1) Gibbs &

R MR ET VY NVGEEDTRI ML - TV
VIVERNT & UTHE— I im b § 5 DI B Ui %
FeHTHEL,

MIEBEGHE LTOT VY IV ERFTAEIZ, 220D
2 M UIZH LT Gibbs[5] 12 & - THE A X 17z dyad A
BRTH B [6], AEETIEIDL S BEEHBIZRY b
NEEZIF TR, AhT—TF UV EEDTH
K95, 2T, BT8P EH%E dyad EEEDHT
Gibbs ff (Gibbs product) & FERXZ X129 5,

EHEDR—A LB RT MV % NRERIE 2 v
L. ZTOHRITCITH LT 3D Gibbs #iZ VDA A
S —REFRIZRD IS ICEHET 5,

e (a®b) e (VVR)=V",
(a0 b)ul:=a(u -u)=(ab - u) (€))]
e (a®b) e L(V,V)=LV),

(@ © b)u]l:=a(b - u) 2)
e (A0 b) e LV.L(V)=L*V)
(A O b)ul=A(b - u) 3)

72720, a,u €ER, bucV,AcLV)2d 5%,
ZDEFED S L OMIEE4&DOMAEE 4 (adjoint) A
MWD EIIZED NS,

e (a®b)=(b0oa)eLRYV) )
(b oa)ul:=b(a - u)=(ba)u
e (aO®b) =(b0oa)eclV) 5)

(b oa)ul:=b(a -u)
e (AOb) =(b0o A) e L(LV),V) 6)
(bo A)UI:=b(A -U)

B, R SKEEE (a 0 b)) DAS T —FFRH
FH[7IIZE D, R MVREZRD LD IZERTEDL
ERE

(a®b)y=ab €V (7)

Iz @ 25
(boa)ll=ba €V ®)

LD, N MV b DE a fFiF. PG4 EBERD
Johi, b5,

ab=(a © b)y=(b o a)l]
(2 KNy &

2DODRY MUVIZHUTEBIND AN T —FEERY
MLEF UM T BB L UTHRT %, 72720,
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ZOWBITIRD LW EBR BB LIZHERLRITH
WhoHWw, 22 TZOEA% Ny ME (dot product) &
MO N T —FDEL 5 2HEMAT 5,
e« (A-b)e LR,V
(A - b)lu] := Albu] = (A[b])u 9
e (b-A)e L(VR=V"
(b - A)ul:=(b - Alu])= (A D] - u) (10

DRy b (B ORIZIZIRDBERAE Y L2,
(b-A)=(A"-b) (11)

U7zDis T, RZMILETFTVY LD Ry MREIZAT# &
B sR\v, B, ZORy MEOEEIPSEFHKE L
TORY IR LT, MOEXHZES,

(A - b)[1]=A[b]l = A[b] 12)
(b - A)y=A"D] 13)

3) 7ARME
WIZ, R MVFEILEORT MVREEEZ X7 L e
FUVIIZHT BEAL L TIRO LS ITHERL. ZD
HF % 7 10 A (cross product) & IEO, R MLEEDR
HERAT 5,

e (Axb)eLV),;

(A xb)u]:=A[b x ul (14)
e (bxA)e LV,
(b x A)[ul :=(b x Alul) (15)
ZDEHENS,
(A Xb) =-(bx AY) (16)

CRBEDT, TOraARBIIRAKMEEE LR,

(4) GibbsFE®D K v MERIR

ML E/HROITHERIUZBNT, D kL — A (trace)
HEZHET & 2 DT ORARS ORME UTAS T —
HEoND, TI T, 20L& REEEZILGED dyad
BTHhoDLINBGEEIIOVWTEZIBLRDESIZ2
DONRT MVDAAT—FHL L TRINEI LITRD,

Tri(a ® b):=(é - (a ® b)le])
=(b-a)=(a-b) (17)
=Tr[(b © a)]
ZFZ T, ZDObL—AHEZ Gibbs FIZR LU TRD &

SIZHEEL, Tr2ET I L2k >T, Gibbs iz & 3
ML EGD Ry MEERNS 2 5N 5,

Tri(A © b)l:=(A 0 b)lele]

= A[b]
=(A - b)[1] (18)
Tr[(A® © b)] = A"[b]
=(b- Ay (19)

BBEEETHHER

(5) GibbsFED Y ORTERIR

R EARD R T NOVEERBIEH [7] 12 L, %
RAVEERIZ 2 DDORTZ MILDRT MVEEE UTRE
INBILITHD, TDORY MVIZZRREGE G 4O
N7 MVERENTWS, I T, $MEEHERS b
WRRIZEMT 5 XD REMH%E Tv L RUIRD L D IZTEH
ERE

Tv[i(a ® b)]:=(€ x (a ®© b)le])
=(b x a) (20)

T 512, Gibbs Bz 7 0 AR LT 2 54 % T, DI
RMEEZT, ERLIRDESIZEHT 5,

TvI(A O b)l:=(e ©e;)(A O Db)e x el
=(bxA) (21)

3. HEZFOMOER
Q) BEZFORE

RT MV T VYV IR TRER L 70 5 BiE 3 IRt ZEM
DEIZBWTEHRSINB AN T —fl, X7 MIVE, T
VIMEBEETH B, T s DBEBIE. AHT—E R
7 MV, TUYLVGEIRENT WS, ZO&EYEEIR
DEDIIEET B,

3t —2 )y NEZ%E/M%E2 E & U, TS
LN MVERE V 2T 5, EDBERE LT,
FEEREH 0L VOEFROLEHEREE (e) %
B, T T, EQEEDEPIZRH LT, AHT =4,
NI MV, TUVIVEEREENEN f(P), f(P),F(P) &
£T, HHITH L, MO &S ITRET 5,

fP): = f(P)1 (22)
fP): = fi(Pe; (23)
F(P):=F(P)(¢; © €) (24)

72720, 1IZEEM R ORMEE. (e, 0 e/) X L(V)
DIEHEFE L T 5,

2) BOWHEMR

R2Z NV F UV IENIZ BT B AWM &% EH
TEEOIEGOMN GEHRE2EANT S, MO EHIZE
BOAAMAO BB ER VA Z LIZkoTIRD LS IZE
#TX3,

df(P):=(f(P) © V) (25)
df(P):=(f(P) o V) (26)
dF(P):=(F(P) 0 V) Q7

72720, BB VIR F 77 (RZ ML) T3,
LROWABEBRPL ST NS OGS ZTED S & IX
DEIITHB,

df(P)*:=(V o f(P)) (28)
dfP)*:=(V o f(P) (29)
(dF(P)*:=(V o F(P)) (30)

U EDFERD S ZIGOMDEH L T ORI, 52 M
DEAEFFTI7D Gibbs FEE L TRT I LN TE,

- A-08-01 -



© —MRAFEABARGEIER

A-08-01

4. RAAS—ZOWMPE

AN T =DM EE UTHRPERINTNS, K
i CIEZ DAL & B U 720 G & £ DBEEIZIER
LTUTDEDITEET S,

grad, f(P): = (df(P))y = f(P)V €19}
grad; f(P) : = (df(P))[1] = Vf(P) (32)

ZD2DODEFNRZ FIVDERIZED ZNSIT—T
BZeDbhb, Tinbb,

grad, f(P) = grad; f(P) (33)

72720, ROWZT r(right), lleft) 1X. &% W0 #EE T
FT7ITOBIINT B4, EEAAMERTEDOET 5,
DGR, AT —LOEHOEBORINA SN T —
LBOWMNEHEEROIT SN, T 7D f(P)fE (R
MVDERLE) LiRb,

5. RNY NIGOWHE
1 wo=E

R MVIGOBAE L U TIERERDORE & [[iE0 1F
PZABHEHRETES, TITUTTIEZ. D3 HE
DR EZT TILEDZMAEHREH VLI EIZL-
TEHTEBI 2R,

(2) Wk

N7 FVIGORRLZT >V V8 UTBRITR U A
7 =G OEMDEFRDIIR L E X T, MG (26,29)
ERHVWTIRD LS ITERT 5,

grad, f(P) : = df(P) = (f(P) © V) (34)
grad; f(P): = (df(P))*=(V o f(P)) (35)

ZOEHL Y MEIZRZ MV f(P) & V & D Gibbs &
B R YA

grad, f(P) = (grad, f(P) )" (36)

LRBDT, AAT—LOHEEEZEANTS5EIZK
MEBEL RS, .

3) F#

R MVGOFREIZRZ MVD A K5 —FRK % H
WTAA T UTEREINT WS, £I T, N7
MV DFEEE Gibbs FEEB L L TERINTWBHHD
BHED N L —AEE (1) IZE>TIRD LS IZEHT 5,

dive f(P) :=Tr[df(P)]=Tr[(f(P) © V)]

=(f(P)- V) (37
divi f(P): =Tr [ (df(P))' 1=Tr[(V © f(P))]
=(V - f(P)) (38)

ZOORER THEBIE L F(P) & VDAN T —FKI
LRVEHOER RS, TRbL,

div, f(P) = div; f(P) = (V - f(P)) (39)

BBEEETHHER

(4) Bz

N7 MVIBDOEEEEZANZ M ILDR2Z MVEEE W T
R MG LUTEEEINTWS, I T, RIZ ML
5D [ElEE % 0 B4 (26) & (29) DR MIVFERE (20)
EHOWTRD LS IZEHT S,

rot, f(P): = T\[ (df(P))*1=T,[(V © f(P))]

=(f(P) x V) (40)
roty f(P) : = T\[df(P) ] =T,[ (f(P) ©V)]
=(V x f(P)) (41)

ZOFER, WHIZRZ ML f(P) &V EDRT MVEER
Bz, BEWIIRERRREZIZhE, Tk
bbb,

rot; f(P) = —rot, f(P) = (V X f(P)) (42)

U723 > THEMA DR 2 SOV O EEEIZ A REE ror, f(P)
THBHIhbhrd,

6. TYVIIBOHOE
1) WoEDEH
FUVINGOMaRYE LT, A, ik, EliEsE
AoNb, TNSDOWHREZEHRTZIZITIRO2 DD
HiENEZ NS,
1. TV VIVGOMA B4 5 DEH
TTIZ3, 4 ETHWTEZGDOMOBLEL 5D
BHEZ T VYNGR NSRE L CGERT 5,
2. RZ MNVGOWSE S DEH
FUVNBEDEZEDERYT NVOHE XY N LG
ELUTHEZXT, 2D &5%RT MVIGITH L TERIZE
HUEBOBEZHAWTT Y Y IVGOMAEZE E T
Fi (8]
KT, BRCAN T =52 RT MVGOMOED
EHTHWEZE O G426 OEHEEZ AT 2,

(2) HE

AN T = R MVEDEEDEBEDIEES LT,
T VIO G (27) & % D adjoint (30) & & W
TTF VY YINGOHREZRDE S 3BT YL E LT
S

grad, F(P): =dF(P)=(F(P) © V) (43)
grad; F(P): = (dF(P))*=(V © F(P)) (44)

ZOEHENST VY NVGOARIE, TYINVGEFT
Z @ Gibbs FEEIH & L TEHEZ 5, MHIXIROEKRE
%5,

grad, F(P) = ( grad; F(P) )" (45)

Lo T, T VY NVEGO AR % W5 BITIZXBIA
WEL D,

3) F#

AIEE TR MVIGO R E M EH (26) D N L —A
HEIZEZRZ MV FTIDAN T —FEEE (39)
CUTEHEXE, ZZT. TUVNMGORBIZHFLTH
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WABEHD L — ABHEDOHIRE UTHEALLELT,
WS, 512, TOEHD Ny MERH (18,19) 12
HEHUTT VY IVEDORKREIRD L S IZEET 5,

div, F(P): =T, [dF(P)1 =T, [ (F(P) © V)]

= (F(P) - V)[1] = F(P)[V] (46)
diviF(P): =T, [dF°(P)] =T, [ (F'(P) © V)]
=(V - F(P))y = FY(P)[V] (47)

ZDEBLO T UV IIGDOREMAR T MV, HAK
T Y YNGEDF T T 2B LTERINDZ
WZiotz, ZOBIERIZ MLVDAH S —FEOILETH
53Ry " EERBH -S> TWS, LD T, ZORKEIX
R7 MVIGOFE (AHT—3) OIEREER>TWS
Zrilkb, B, ZOEHENS R FVIGOFEA
BTHEHEDONTMEL IR DROMERFTHZ L
WZHEELRITNIER S8,

div, F(P) = div; F*(P) (48)

@) [Eix
BIE TR Y NVGO[EEL %2 D B (26) DRI ML
TR 4041) ZHWT2DODRZ MLDORZ M UFER
ﬁkbf%ito%lﬁ\?yyw%gﬁﬁﬂﬁbf
L5V VO FHIINT B E4 T, DR %EE 2
%, X512, ZOEHO 0 AR QD) ICEELT
FUVNEONEE QBT LV ILE) 2RO LS ITES
T35,
rot; F(P): = T, [ dF(P) ]
=T,[(F(P) © V)]
=(V x F(P)) (49)
rot, F(P): = (T, [dF(P)] )’
= (T, [(F'(P) o V)])
=(F(P) x V) (50)
ZOEFIZLD, FrVNEOEEE QBT YV IV
WZEARKIZIZT VYL F TS0 ua AERK L L
TRINBZ LT o7z, ULIzh->T, ZOXRKIIAR
27 MVGDEEE (R MVg) OHREL->TW5S, 7

B, LHDOERHRIZBWTZ 0 AROMED & M DR
WZIXIRDOBEBRA R DL D Z 275,

rot, F(P) = —(rot; F*(P) )* ShH

ZDEHENST VY INVIGOEEROEAIZEALTHX
BPBEL 25,

BBEEETHHER

7. BbhHYIC

N7 MVIRWTIZB I B50OMPETH D AN T —15
DEFL (RZ MVE) | RZ MAVIGOFE (Ah 55—
%) Llfig (X7 MV X, MOEETFXZ MLV T
H5FTIHHANERY MLVERYE U TOERME, 2
55—, N7 MAVBEIZE>TERINDZ EHE\,
Lo T, ZNSDENPMOBETHEIZHE 015
TIHOMO GG DBEBRELT UL o> T Wi
W, 512, XY MVGOAEIZ 2 BTV IVIGE R
HEWVWHSHHNSDLRT MVRIFIZBEAINSE Z D
Pipn, FZT, AEZETIRI NS ORTE M % R
RLRZ MVEGORZ ST T VI IVGEED MO &
DIR— 7B A DWW THEFR L 7=,

BIGDM BRI O F D adjoint 235 F 7 5 12T
% dyad f% &1 Gibbs FiE UL TRE L, $RTOMH
BEZTORENPSEBETEDLZ 2R L, I5I17, &
ADIHAY 725 Gibbs FEIZH LT, HEFT5LDA
NT—FHERT MVEEEIRLU7Z Ry M{E 7 0 AF
KIEGZD1-ODMEEMHREEAT LI 2IZX->T,
RIGOWNENF 7SR HE LTEZ SN, BB, Z
DA I N ERIIAIZ R D A 7 7 —FERBLE
B X ORREIEEG DR 7 NVEERBEMHOHLE &
LThBEDIT 6N,

BB, RIRTCEAL &GOS BTN T /S
EHIZET2H8Z 25 EHMESRUTITE 20,

SE R
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Finite Element Analysis makes a good engineer great, and

a bad engineer dangerous ~ CAE|ZH T 5 LM OER DT

Finite Element Analysis makes a good engineer great, and a bad engineer dangerous
~ Factor Analysis of Failure in CAE

ARG —RRY P

waED , EFRtD

Hiroshi Watanabe, Koichiro Arai, Takuya Uenoyama

1) Hexagon (T101-0054 HUAUHST-H X # H RN 2-2-1 KANDA SQUARE 16 [

E-mail: koichiro.arai@hexagon.com)

From the perspective of general-purpose CAE software company, the authors often see dangerous use of
CAE in engineering field of industry. In many cases such usage leads to various failures. In this paper, we
will discuss about what causes failure and how to get out of it.

Key Words : CAE, Finite Element Analysis, Education, Study of Failure

1. [ZC®IZ

IEFEOFHEMEMRED M LM ACAEY 7 b U = 7 D&
fiksAbIC Py, CAEDEZEF COIGA N’ REAICEA T
WA, THFEOT UE NIRRT A MFOREV L H Y,
INETIHEHASNTI ro7=m8 - fEkicbIAE D
DOBHDH. TOX D IRENS, CAEY T bU =T &
THTV=TOELEEEIRE RS> TV D.

20HACDOR, DXy T b =T IE IS O
ARG & T HMEER L, HHER B bDOTH Y,
GUIbTHIEIZ L e b D OMRRIIA+ 3 Th o7z, E£72,
TEBREIT & 526 < DR FIEIZ B /) TOELE N LE
ThV, FEINTHMELUSMIMEH DR RRIZH -
7o, 21MACIC A B E SGUIDHERE b 1A B L, w7 FiE
D—EITEMCAEY 7 by =T IT b FEESH, Y7 Y
=T HEATIUTHETHERT 2 Z &AL oo T
5.

V7 =T AT OBEI TR b0, Th
DAEMNZ RTIZIE, SWAHBRRHERS L EREETH
5.7 MU TEENIRL, AiRERBRESL 2
ENTEDNE D NIMERF O NIZERLND. L
E U+ A IR e f i =7 R Y 7 b
7 = 7IZHR Y [Bl &4, Finite Element Analysis makes a good
engineer great, and a bad engineer dangerous! (By Robert D.
Cook, Professor of Mechanical engineering, University of
Wisconsin, Madison) &\ 9 45 O 9RIEICHES.

RO LS KM AL, CAEY 7 b =T HIEL
KHEHL, ELWHRERZ/LIIZODOKFERD —DN0n
Verification and Validation T®» ¥, &7 & CIERICHEm

Ihnd. 70, BRI S CIEERE I FEERER
B 20034E 0 HEMEN TR Y, CAEEIFE OHESI DA
ERORFEDOHEE| ZH > TWD. L LR S, Bl &
I IRfERIRIRBLUCG B =0 U =T I3 &l 72 . CAE
V7R =T OFHHEFNEN > THL BT, DL D
RPN E D IRRRLE Ao L, £ ORI b kT
FTHIECZOWCHMmEEDD ZEITEETHD.
BTSR[] TIE, BFEELNY 7 =T XN X —D¥EBED
HCHIZ LT, —OfhE S & ERAMITIZEN Y h iz
WRBUE & LU OIE B 43 CHIZE LTz,

BRI FEM O ZEREZFIE L Tz

TFO R L Ty

MY CAE D HffE 2 BRIE L T 720

Hbfr & B 2 BRARE L TV 2w
AT, PIFEHEOBPNDRNESHL, ED LD
IRRAETCRIIZE D DD, F R LTRIEN S kT H
FRVWFEEIZOWTHITZ21TH. 260085, 9%
FNIELL FEEED D - OIMNRLENEBETH.

2. MEENBZLZITNAIENFALW

H= T« I =T =R [2) & WX DB ASA T A
T A ERAMENTND., X =0T 7 — T —2hiFR
IEEADRCHFRA AR LTV D A2, BHE ORESECHE
iz B RFHET AHEARH D L VS TZHNEDLDTH 5.
IMEE R CICHEEL RN SN ZEBHY, 20X
IMFEHEEBMT DL, LIFULIERKLE HICHEAM STy
BB ZIXEIRMAD. TN oFEEOZE M
Wi U2 Z LI 528, CAEIZIR S 3Kk 2 7RI
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BWTHETELINAFLEEZLND.

BELT, BERTR Ty ya AV AMICEDES
MR EEZZ T TELT, MEHHLWVIEY 7 hU =T D
HHAFEOHBRZ PR 2 ED 2 HEITONTHE
2 %. %< OYFEL, BT a2 &I 51224 T

BEPEED, "BEOILNEZEY 5. A TOFER,

4% OHFRCHEM 2 RO A O BB EET L2 aIa =T
A NTIX, BCORENOFHI % EMECAT S 2 & IXREET
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Education and Training System for Engineers Coordinated by The Research and Development Department
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We have continued to plan and operate CAE education for design and development engineers. We have
been trying to systematize necessary for continuing CAE education, but we focused on the fact that there
are many other educations required for design and development engineers. Currently, it is systematized
and operated as a comprehensive engineer education system.

As an ingenuity, the courses can be arranged and listed with reference to the university syllabus, and
courses can be freely selected. It is also an opportunity for experienced engineers to play an active role as
instructors. In addition, new content continues to increase as it continues.

Key Words : Engineer education system, CAE Education,
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Proposal for unified education of physics and mathematics in engineering

LD | g BY
Hiroshi Watanabe, Atsushi Kikuchi
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2)  BUEMHTBAFE(RK) (T 195-0072 HURUHSHI H i H:6-27 ,E-mail: kikuchi.atsushi@job.zaq.jp)

It seems that physics and mathematics education are clearly separated in both high schools and
universities. On the other hand, in engineering education, it is important to develop engineers who can
understand real phenomena through observation and computer simulation. For this purpose, we propose
that physics and mathematics should be integrated into a coherent education, taking into consideration
the content of the distinction between the two.

Key Words: Education method, Education System, Engineering education
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Concerns regarding CAE tools and their education
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Through over 40 years of involvement in the development, sales, support, and use of CAE tools, | have
recently felt unease about the usage of these tools, particularly with regards to their separation from
mechanics, black box nature, and insufficient interpretive power of results. However, having witnessed
the rapid changes of the relatioship between game tools (such as shogi Al tools) and their users
(professional shogi players) over the past decade, | have come to believe that it is possible to overcome
this unease and expand the usefulness of CAE tools in the near future. CAE tools will become

indispensable tools for future life.
Key Words : CAE, interpretive power, usefulness
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Syllabus and Target Human Resources for Computational Engineering Education
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Seiichi Koshizuka
T B RY LR #d (T 113-8656 HURH SR XK AAE7-3-1, E-mail: koshizuka@sys.t.u-tokyo.ac.jp)

A syllabus for computational engineering education is proposed. Positioning of the computational
engineering in the various areas of engineering application is presented. The role of the human resources

produced by the present education is discussed.

Key Words : Computational Engineering, Computational Mechanics, Human Resources, Digital Twins
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As new information technology and science progresses, and the environment surrounding society
becomes more complex, predictions of complex phenomena and system behavior based on
computational engineering will create new value. However, it cannot be said that computational
engineering is sufficiently popular in the industrial world in actual manufacturing.

It seems that a new perspective on human resource development and its environment is necessary. In
this presentation, | will discuss current issues and future directions.
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